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UNIQUENESS OF POSITIVE SOLUTIONS OF A n-LAPLACE EQUATION IN A 
BALL IN M*" WITH EXPONENTIAL NONLINEARITY 

ADIMURTHI, KARTHIK A, AND JACQUES GIACOMONI 


Abstract. Let n > 2 and SJ C R" be a bounded domain. Then by Trudinger-Moser embedding, is 

embedded in an Orlicz space consisting of exponential functions. Consider the corresponding semi linear n- 
Laplace equation with critical or sub-critical exponential nonlinearity in a ball B{R) with dirichlet boundary 
condition. In this paper, we prove that under suitable growth conditions on the nonlinearity, there exists 
an 7 o > 0, and a corresponding Ro(7o) > 0 such that for all 0 < R < Ro, the problem admits a unique non 
degenerate positive radial solution u with ||it||oo > 7o- 


1. Introduction 

Let B{R) C M”" be the ball of radius R with center at the origin and 1 < p < n with / € C''^[0,+oo). 
Consider the following problem 

, . f -div(|Vn|P“^Vn) =/(u) in B(R) 

\ tt = 0 on dB(l), u > 0 in B{R). 

Existence of a solution to Problem (jl.ip has been studied extensively under the banner of Emden-Fowler 
type equations or Yamabe type equations. In this paper we make some progress regarding the qnestion of 
nniqueness. 


History for p 

( 1 . 2 ) 


2 . Let A > 0 and define 


f{u) 


v!' + An 
A h{u)e^" 


if n > 2 and 1 < r < oo 
if n = 2 and 1 < g < 2 , 


where h G C*^(0, oo) with /t(0) = 0 and is of lower order growth than In this context, H. Brezis raised 
the following qnestion: 

“Does (11.11) admit utmost one solution?” 

From Gidas-Ni-Nirenberg [TO], we know that any solution of dni) with p = 2 is radial. Using this 
and by scaling argument when A = 0, in [TO], it was proven that dEU) with p = 2 admits utmost one 
solution. When A 7^ 0, their approach fails to yield uniqueness. Using the Pohozaev’s identity for n > 2 
and r < 00 , the uniqueness question was answered in oiaiiaiiniiisi. in isiiiti, the authors used the 
Pohozaev’s identity in an ingenious way to obtain nniqueness for a wide class of nonlinearities f{u). 

Next, consider the case when n = 2 and the nonlinearity is of exponential type. If f{u) = ne“, then 
nniqueness was proved in laiiTj. In nzi, they again made use of Pohozaev’s identity, though unfortunately, 
their technique cannot be extended if (7 > 1. Hence the question remained: 

“What happens if n = 2 and 1 < q <2 ?” 


In this paper we try to answer the uniqueness by adopting the linearization technique from [2j and the 
asymptotic analysis of Atkinson-Peletier mm (see also Volkmer [E]). Under suitable conditions 

Tl 

on / we show that there exists a Aq > 0 such that for p = n, 0 < A < Aq, q € (1,-] and ||n||oo > 

n — 1 

’some large quantity’, the radial solutions of dni) are uniqne and nondegenerate. For the existence and 
nonexistence of positive solutions see mm- 
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Hypothesis 1. Let / € C[^, oo) n (7^(0, oo) with f{u) > 0 for n > 0. Let a > 0, A > 0, /o G <^^(0, oo) and 

71 

1 < g < - be such that 

n — 1 


(1.3) /(u) = g{u) = au^ + p{u). 

Let denote the k-th. derivative of p. Assume that there exist 0<a<l,/3>0 such that 


M 4 ) /(s) - /(O) = O as s ^ 0+ 

f'{s) = O as s ^ 0^. 

Now the following assumptions will be stated as and when they are used in the theorems: 


(HI) 

(H2) 


lim ^ }j^ = 0 for /c € {0,1, 2, 3}. 

'y—^oo ^ 

There exists a 6 G M such that 


lim g{j) - 

7—>-oo 


n — 1 


n 


75'(7) > b 


(H3) lim 


9'(7) 


giyj-j [logfi('(7)] 


{g'il) - (n - 1)75"(7)) = oo- 


Here g', g" denote the first and second derivatives of g. 


We now have the following main result: 

Theorem 1.1. Assume f satisfies (HI) and (H3) from Hypothesis{^ and that there exists a p>0 and a 
eonstant Cp fit) sueh that 

(1.5) lim ^ = Cp. 

Then there exists a Aq > 0, 70 > 0 such that for all A G (0, Aq) 

( - dw{\Vu\^-^Vu) = \f{u) in H(l), 

(1.6) < u > 0, u radial in B{1), 

u = 0 on dB{l), 

admits a unique solution satisfying ||u||oo > 7 o- Furthermore, the solution is non degenerate. 

Remark 1.2. By integration, (HI) and (H3) of Hypothesis \T\ implies (H2). In fact, one can find 70 > 0, 
Af > 0 and a constant c G M such that for all 7 > 70 , we have the estimate 

5 ( 7 ) - A5''(7) > Af(log 7 )® + c. 

71 

It is easy to see in the subcritical case, that is when 1 < q < -, (H3) of HypothesisU\ always holds. 

n — 1 

The question now remains if one can remove the hypothesis (H3)! 

First consequence of Theorem 11.11 is that large solution coincides with the solution obtained by the 
moutainpass lemma and we have the following Corollary: 

Corollary 1.3. Assume that the hypothesis in Theorem 11.11 are satisfied. Then there exists Aq > 0 and 
7 o > 0 such that for all A G (0, Aq), solutions to (11.611 satisfying ||u||oo > 7 o has a Morse index equal to 
one. 


Examples. We give some examples of / that satisfy conditions in Hypothesis [TJ 
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(i) Let f{u) = vPe^'', 0 < p < oo, then we have 


5 ( 7 ) = 7"^+plog(7), /5(7) =plog(7), 


5 ( 7 ) - 


n — 1 


n 


ig'ii) = 


n — 1 


n 


T 


n \ , . ^ pin - 1 ) 

- q +plog( 7 ) - 


n — 1 


n 


(7) - (n - 1)75'"(7) = (n - 1)97'^ ^ 


pn 

n — 1 ^) 7 


Tl Tl 

Therefore, if 1 < g < -, we see that (HI) and (H2) of Hypothesis[I]is satisfied. If l<q< - 7 , 

n — 1 re — 1 

Tl 

then (HI), (H2) and (H3) are satisfied, but when q = -(H3) is not satisfied. 


re — 1' 


(ii) Let /(re) = Are^e^"^^^" with /3 > 0. In this case, (HI), (H2) and (H3) are satisfied for 1 < g < 


re 


re — I 


From the Picone’s Identity [ 6 ], assuming (USD, there exist a Ai > 0, 71 > 0 such that (see Lemma EH): 

• If0<|?<re — 1, then for A € (0, Ai), there exists a solution re of (| 1 . 6 p with ||re||oo < 7 i- 

• If p > re — 1, then for A € (0, Ai), there does not exist a solution with ||re||oo < 7 i- 
Hence by plotting the solution curve ||reA||oo with respect to A, we have the following diagrams. 




Case 0 < p < re — I. 


Case p = re — 1. 



Case p > re — 1. 

Remark 1.4. We now recall the Trudinger-Moser imbedding [I3]; let n € M” be a bounded open set, then 
the Trudinger-Moser imbedding says 

r —rrr n 

A = sup / ^ 

ueWo’"{n) 
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where ujn = volume of and nujn~^ is the best constant. It was shown by Carleson-Chang [8] that 
if is a ball, then A is achieved by a radial function uq E with uq > 0 satisfying the equation 


(1.7) 


— div(|VMor~^Vuo) = 

Uq > 0, Uq radial in 
Uq = 0 on dfl, 


1 1 
-1 (naj^^=T)n, 


n—i 

0 


in 


for some Aq > 0. 

Conjecture. Maximizers are unique! 

In ease of n = 2, if one can show that (HSl) admits utmost one solution for all A > 0, then the above 
conjecture is positively answered. 

Remark 1.5. In [3], the following singular Trudinger Moser Imbedding has been shown: 


sup 


/ 

Jn 




" "vrgi’Pcn)- 


1 ^ 1 ^ 


< OO, 


holds if and only if a and (5 satisfy -—h — < 1 where 5n := nUn ^ ■ 


a ft 
— 

On n 


In view of this, consider the following singular semilinear equation 


( 1 . 8 ) 


-div(lVur-^Vu) = A 


f{u) 




in B{1), 


u > 0, u radial in B{1), 
u = 0 on dB{l). 


We now have the following theorem concerning the singular Trudinger-Moser embedding: 


Theorem 1.6. Assume that (3 < n and f satisfies all the conditions in IIypothesis\^ then there exists a 
Ao > 0 and 7 o > 0 such that for all A € (0 , Aq), ()1 .8p admits a unique solution u provided ||u||oo > 7o- 

We now give the plan of the paper: The paper is divided into four parts; In Section [2l using the Sturm’s 
transformation, we reduce the problem to an initial value problem starting at oo. By shooting argument, 
we rephrase Theorem 1 1.1 1 into the behaviour of first zero of the solution with respect to the initial condition 
as in [7] . We state two theorems without proof which deals with the asymptotic behaviour of the first zero 
and its derivative with respect to the initial data. Then we deduce the proof of Theorems 11.11 and 11.61 

In Section [3l we prove the asymptotic behaviour of first zero of the solution. Basically, this is in the 
Atkinson-Peletier [7] analysis for general 7. Here we make use of the ideas from |18] to obtain hner 
estimates. Since some of the estimates are used in the proof of the theorem and we were unable to find 
exact references, we will give the complete proof. 

In Section |31 we prove the asymptotic behaviour of the derivative of the first zero with respect to the 
initial data using a new identity. This is much more delicate. The proof of the Theorem 11.11 follows from 
this finer asymptotic behaviour which will be given at the end. 


2. Proof of Theorem HTJ 

First we reduce the problem into an initial value problem as follows: Let R> 0 and dehne v{x) 
then, for \x\ < R, v satisfies: 


X ' 


-div(|Vup-2Vu) = -^div(|Vu|”-2 


Vu)(-) = —f{v). 
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Choosing i? = A ", we see that v satisfies 

= f{v)r^-^ in (0, R), 


( 2 . 1 ) 


i; > 0 in (0, R), 
i;'(0) = v{R) = 0, 


( 2 . 2 ) 


where v' denotes the derivatives of v with respect to r := |x|. Hence, for r > 0, consider the following 
initial value problem: 

-{r^-^\w'\^-^wy = f{w)r^-\ 
w{0) = 7 , w'{0) = 0. 

We denote by R^) to be the first zero of w defined by 

Ry) = sup{r : wls) > 0 for all s G [ 0 , r]}. 

Let u(0) = 7, then ( 12 . 11 ) and ( 12 . 21 ) are related by r(;(0) = 7, i?(7) = R, v{r) = w{r) and 

Ry) = A". 

Hence the existence and uniqueness of solutions dLlD are related to studying the behaviour of 7 Ry). 

Denote the solution of ( 12 . 21 ) hy w = w{r,’j) and now consider the Sturm’s change of variables: 


r = ne ", y{t,'y) = w{r,y), Ry) = ne 


T{j) 


then y satisfies 
(2.3) 


-(|yT"^y')' = /( 2 /)e“* in {Ty), 00 ), 

2 /> 0 in (r( 7 ),cx)), 

2 /( 00 , 7 ) = 7 , y'{oo, 7 ) = 0 , y{Ty),y = 0 . 


Before we proceed further, we prove the following important Lemma: 

Lemma 2.1. Let f € 6*^(0, 00 ) nC''^[0, 00 ) such that / > 0 and 7 > 0. Then, there exists a unique solution 
to (12.31) such that 7 i-)- Ty) and 7 i-A- y{t,y) are mappings. Furthermore if there exists a p > 0 and a 
corresponding constant Cp > 0 with f satisfying 

(2.4) Ih(( 4^ = C, 

6»->0 

then there exists 0 o € M such that 


P) 


(2.5) 


lim Ty) = —00 if p > n — 1 , 

7-)-0 

lim Ty) < 6 q if p = n — 1 , 

7->0 

lim Ty) = 00 if 0 < p < n — 1. 

7->0 


Proof. Consider the following initial value problem 

-i\yT-"yy = fy)e-^ = 

y{oo) = 7 , y'{oo) = 0 . 


( 2 . 6 ) 


Local existence and uniqueness of solution to (|2.6I1 were proved in M- Let Ty) denote the first zero of y 
as defined by 

Ty) := inf{t : y{s) > 0 for all s G (t, 00 )}. 
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Integrating (|2.6D . we see that 

/ OO 

f{y{s))e-^ds, 

which gives y' > 0 and hence we see that y must be an increasing function. We must either have T('y) > —oo 
or T{'y) = —oo. 

Suppose = —oo, then y(t) > 0 for all t € M. Fixing any t < 0, we get 

y'{tr-^= r fiyis))e-^ds> H fiyis))e-^ds > 0. 

Jt Jo 

Integrating the above expression, we obtain 0 < y{t) < y{0)+/3t —>■ —oo as t —>■ —oo which is a contradiction. 
Hence T{'y) G M and y is an increasing function in oo). 

Denote the solution y(-) 2 /(-, 7 ), then [2] gives 7 i-A y{t,'^) and 7 i-A T( 7 ) are maps. 

Let / satisfy (12.4p . then integrating ()2.7p . we obtain 

foo / roo 

(2.8) 7 = 7 /(r( 7 ))+ / I / f{y)e Ms) d^. 

JT{-y) \Je J 


Let p > n — 1 , then from ( 12 . 4 p . it is easy to see that there exists constants c > 0 and e < 1 such that for 
all 7 G (0, e), the following holds: 

( 2 . 9 ) /(7) < C7P. 

From (| 2 . 8 p and ( 12 . 9 p . we now have 


that is 




1 

c"-i (n 


P T(j) 

e n-l ^ 


T{j) < log(c(n - I)"" ^) + (p - (n - 1 )) log(7) < log(c(n - I)"" ^) 

lim T{'y) —00 

7—>-oo 


if p = n — 1 
if p > n — 1. 


Let 0 < p < n — 1 and suppose for some sequence 7 —>■ 0 , r(7) satisfies 


a := limsupr(7) < 00. 

7 ^ 0 + 

T(7)—m 

Let m G M and /3 = , then from the above assumption, /3 is bounded as 7 —>■ 0 . Now define w by 


w{t) = / 3 y{t-m + T {-/)), 


which satisfies 


-((u;')"“^)'(t) = ( /(^(^ in (m, 00) 

rc > 0 in (m, 00), 

w{oo) = /37, t(;'(oo) = w{m) = 0. 


Let if and mo satisfy 


-{{pT~"nt) = p^-^e-^ in (mo, 00) 

(f > 0 in (mo, 00), 

p{oo) = I, ^'{00) = 7>(mo) = 0 . 
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Let m = mo + 1 and define a{t) := ^ witY Then from (12.41) for 7 sufficiently 

yV{t -m + r( 7 jj 

small, we have that a{t) > 1 for t € (mo, 00 ). Since m > mo and tc > 0 in (m, 00 ), we have by the Picone’s 
identity 

0< r r(l-a(t))^"e-Mt<0 

J mo \ \ ^ / / J mo 

which is a contradiction and this proves the lemma. □ 

Next we consider the behaviour of 7 ^ as 7 ^ 00 and we have the following Theorem whose proof 
will be given in section [3l 


Theorem 2.2. Assume that f satisfies (HI), (H2) of Hypothesis [J\ and let fi > 0 as in (|1.4D . Then there 
exists a 7 o > 0 such that for all 7 > 70 ,we have 


( 2 . 10 ) 


y'(T{'y),'y) 


n 1 n^ang” „ / d‘^g'' e 
n-lg'^ {n-l){g'Y^ (^( 5 ')'^"^ g' 


( 2 . 11 ) 


T{i) = {g- 

+ O 


n — \ 


n 


75 ') + {n- l)log( 


n-l\ , an{n - 1 ) 75 " 

g) + - 


n 


g' 




g' 


{g'Y 


where g = 5 ( 7 ), g' = g'{-f), g” = g"{-f), g'" = g"'{j), 6 = log{g') and «„ = 1 + ^ H-h - . 

2 n 

dy(t 't) 

Linearization: Let Vi{t) = ^ 1 (^, 7 ) = ——. Then differentiating (j2.3p with respect to 7 , we obtain: 

a7 

(2,12) { -{{yr-"-V;)\t) = HAAfiA m(r(7),H 

Ih(oo) = l,Vi'(oo) = 0 . 

Differentiating y{T{'y),^) = 0, we obtain 


(2.13) 


r'(7) = 


dy{T{'r),'r) 

d'y 


Vi{T{l),l) 

y'iTij),^) 


where T'{'y) denotes the derivative of T( 7 ) with respect to 7 . Then using Theorem 12.21 together with the 
asymptotics of Vi{T{'y),'y) proved in Section [U we are able to prove the following asymptotic behaviour of 
T'( 7 ) as 7 —)■ 00 . 


Theorem 2.3. There exists a 70 > 0 such that for all 7 > 70 

(2.14) r'(7) = 1(5' - (n - 1)75") + O . 

n \ g J 


Proof of Theorem \1.1\ From (j2.2p , 


ig” 

g' 


0(1) and hence from (H 2 ) of Hypothesis [T] and ( 12 .lip , we see 


that r( 7 ) —>■ 00 as 7 —>■ 00 . That is = R{'^) ^ 0 as 7 —>■ 00 . Hence in order to prove the theorem, it is 
enough to show that there exists a 70 large such that for all 7 > 70 , T(^) is strictly increasing function. 

qU 

From (H3), we see that g' — {n — 1 ) 75 " > 0 and ^{log{g'))'^ = o{l){g' — (n — 1 ) 75 ") . Hence from (|2.14l) . 
we have for 70 large and 7 > 70 , 


r'(7) > 0. 
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This gives that 7 i-a T{'y) is a strictly increasing function and y is nondegenerate. This proves Theorem 

frn □ 

Proof of Theorem \l.(k If u is a solution of (jl.811 . then, as earlier, converting the equation (II. 8 p to an initial 
value problem like in ( 12 . 2 p we have for R{'^) = A", y(t,'y) = rt(r, 7 ), tt(0) = 7 and r = ne~^] y satisfies: 




n^e ri 


Let a = (1 — —) and y(t) = ?/(—), then y satisfies 
n a 


-iiy^ 


nn-lv f(y) 


in (T(7 ),oo) 


I y{oo) =j,y ( 00 ) = 0, y(T( 7 ) = 0. 

Let f{y) = then g{s) = log(/(s)) = log(/(s)) + log(-^) = g{s) + log(-^). Therefore the 

nPnP' nPnr 


theorem now follows from Theorem 0 

3 . Proof of Theorem 12.2L 


□ 


We shall use the following notation throughout the rest of the paper. 

Notation: Let ^( 7 ), B{'^) be two functions on any interval J C M. We then say ^( 7 ) ~ B['^) if there 
exists a constant C > 0 such that 

(3.1) ^ B{'^) < CA{'j) holds for all 7 G J. 

(_y 

Proposition 3.1. Let a > 0, q > 0, A and B are functions on [so,oo) such that 

A(s) = + B{s), 

lim ® = 0. 

s^oo 

Let 0 < 5 < ClogPs) for some C > 0. Then there exists an si = si((I) > 0 and a Ci = Ci{5) > 0 such that 
for all s > si, r] £ [s — 6, s].' 

(3.2) 


Cl 


A{s) ~ 

A{s) < A{rf) < CiA{s). 


Proof. (13.2p follows from (|3.ip . Let rj = s — a with 0 < a < d < Clog(s), and 


A{g) = a{s — ay + B{s — a) = 


A{s) 




1 - 


a\<i 


1 + 


B{s — a) 
a{s — ay 


A{g) 


= 1 and this proves the proposition. 


□ 


Hence, lim 

S^QO H(s) 

Proposition 3.2. Let g satisfy (HI) and g^^'^ denote the derivative of g. Then there exists a sq such 
that for all 7 > sq." 

(i) k £ { 0 , 1 , 2 }, ~ 7 ''-^ and = 0 ( 7 '?-='), 

(ii) Let 0 < 5 < Ci log(( 7 '( 7 )), h ^ {l ~ ^il\! 0 ^ < h and k £ {0,1,2}. Then there exist 

C 2 = C 2 {S) and 70 = 7o((5) such that for all 7 > 70 , 

±5W(^)<5W(^)<C25(")(7), 
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and 


^g(fc+i)(^ - Oi) 

g{k)l^j - 02) 


= 0 ( 1 ). 


(iii) g ^( 5 ( 7 ) -r])=-f- + O 

9 [ 7 ) 




Proof, (i) follows from ()3.2p . (ii) follows from (HI) of Hypothesis (U (i) of Proposition [32] and Proposition 
13.11 Differentiating 7 = 5 ”^( 5 ( 7 )), we obtain 

T T —1 

For 7 large, <?('^) < 5 ( 7 ) “ V and hence for ^ € [ 5 ( 7 ) — 7)5(7)]; if — 9 (0^7- Hence, from (i) and (ii), 

we see that 

(5'(5“^(0)) ~ 5 '( 7 ) and 5^^^(5“^(7)) ~ 9^‘^\l)- 
Therefore, by Taylor’s theorem, there exists an ^ € [ 5 ( 7 ) — 7 ) 5 ( 7 )] such that 

5"H5(7) -V)=7- + ^(5"^)^^^(07^ 

5 ( 7 ) 2 


= 7 


= 7. 


7 l5^^H5 n0)7^ 


5'(7) 2 (ff'(5 1(0))^ 

7 


□ 


5'(7) (5'(7))^ 

This proves (iii) and hence the proposition. 

Proposition 3.3. Let a > 0 and F{x,b) = x” — ax"'~^ — b. Then there exists an Eq > 0 and a smooth 
funetion X : (—eo,eo) such that for \b\ < Eq: 

X{0) = a, F{X{b),b) = 0, X{b) = a + J^ + 0 . 

dF 

Proof. Since F{a, 0) = 0 and 0) = ^ 0, hence by implicit function theorem, there exists eo > 0 

and a unique smooth function X : (—eo,eo) such that X(0) = a and F{X{b),b) = 0 for |6| < eo- 

Furthermore, 

d dF dF 

0 = -,F{X{b),b) = —{X{b),b)r{b) + -^{X{b),b), 


db 


db 


X'ib) = 


1 


X"{b) =- 


Therefore, X'(0) = X"(0) = - 


nX{b)^-^ - (n - l)aX(6)"-2 

n(n - l)X(5)^-2 - (n - l)(n - 2)aX{b)^-^ 


{nX{b)^-^ - (n - l)aX(6)’"-2)2 
2(n - 1) 


X'{b). 


->2n—1 


and 


X{b) = X{0) + X'{0)b + 0(X"(0)62) =a + J^ + 0 


This completes the proof of the proposition. 


□ 
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With these preliminary propositions, we will move on to the proof of the theorem. Let sq > 0 such that 
g is strictly increasing convex function in [sq, oo) and for t € M, 0 > sq; 7 ^ ■so with = g^^\'~f), define 
the following: 

(n - 


Ti:= g+{n- 1 ) log 


n 


(3.3) 


(3.4) 


Tq-.= g- 


n — 1 


n 


ig' + (n - 1 ) log 


(n - l)g' 


n 


— (n — 1 ) log ( 1 — e 


Tl / \ 

z{t) := 7 - - log (^1 + , 


V'(6») := g{e) -g + (7 - ^)g' - [n - 1) log ) 


Then from direct computations, z satisfies the following 

(3.5) z{Tq) = 0, z{t) >0 for f > Tq, 


(3.6) 


(3.7) 


z'{t) = 


n \ 1 e 


\n-l) g' 


n 


Tl-t 

1 + e "-1 


- {{At)) 


f {+\\n—l\i 


n 


n-1 „Ti-t 

^ _= pg-t+g' {z-'y) 

Tl -t ^ 


A ^)g') (i + e"-iV 

(3.8) 2 ;(oo) = 7 , 2 ;'(oo) = 0. 

Let 7 > So and y{t) = y{t,'y) be the corresponding solution of ()2.6p . Let T > T( 7 ) be defined by 

(3.9) y{f) = So. 

Then we have the following Lemma: 

Lemma 3.4. Let S = O(logg') and 

(3.10) Ts = Ti-{n- 1)5. 

Then, for all T <t, 

(3.11) y{t) < z{t), 


(3.12) 


/ A \ 

9{y{t)) > g-nlog\^l + e^-^ j =9 + g'{z - 7 ) 


(3.13) g{y{t))-t <i}{y{t)). 

Furthermore, there exists a 70 = 70 (5) > so such that for a// 7 > 70 , t >Ts, 

(3.14) f < Ts, 

' g''log{l + e^)'^' 


(3.15) 


y{t) = z{t) + o 


{9 A 


Xi-t \ n^g" 


(3.16) 0 < g{y{t)) - g+ nlog[l +e^-i j < log(l + e "-1 ) +0 - ^3 


^\2 , f fi'"'log(l + 6'^) 


(5l3 


O 


y'{t) = z'{t)e V (s') 


g" log(l + e'^)^ 

77^ 


(3.17) 

















UNIQUENESS OF POSITIVE RADIAL SOLUTIONS WITH EXPONENTIAL NONLINEARITY 


11 


and 

(3,18) /(,(!)) = (^) - ,„g (i + + a ,„,(! + , 

Proof. Integrating (12.6p from t to oo to obtain 

/ OO 

f{y{s))e-^ds. 

Integrating (|3.19l) along with Fubini, we get 

(3.20) y(t) = 7 - f(v(s))e- {[ d,,. 

Since 0 i-A g{0) and hence 6 i-a f[0) are increasing functions for 9 > sq and hence for t >T, we see that 

/ OO 

/(y(s))e“''ds < /( 7 )e"^ 


This implies 

(3.21) 

Define 

(3.22) 


lim (t + (n - 1) log{y'{t))) = g. 

r—>-oo 


E{t) := y'itr-^ - 


n — 1 
n 


y'{trg'{y{t))-e^(y^^'>^-\ 


It is easy to that E{oo) = 0, and now differentiating (13.221) . we obtain 

(3.23) E'{t) = - iy'it)r+^g''{y{t)) <0 for t > T, 

since g''{0) > 0 for 0 > sq by assumption. Hence, E{t) is a decreasing function on [T, oo) and E{t) > 
E{oo) = 0. Let t > T, then integrating (j3.23p . we obtain 


(3.24) 0 < y'(t)”"^ - 
which implies 


n — 1 


n 


y'(trs'(v{t)) + (!/'(*)”-*)' = 


n — 1 


n 


coo 


?/'(s)'^+V"(y(s))ds 


0 < 1 - 


n — 1 


n 


y'{t)g'{y{t)) + 


,! l+\n—ly 
n—1 


< 


n — 1 
n 

n — 1 
n 


■oo / „.! f „\ \ n-l 


y\sf g” {y{s))ds 


r(| 

y'{t) y'{s)g''{yis))ds = y'it)i9' - g'iyit))- 


We rewrite the above inequality as 

'n — 1 


0 < U- 


n 


g(2/(t)) + (n - l)log?/'(t) < 


n — 1 


n 


{yif)9' - 9{y{t)))\ 


and now integrating the above expression and by making use of (13.211) . we obtain 


(3.25) 

(3.26) 


0 < - t - 


n — 1 


n 


g{y{t)) + (n - 1) log y'{t^ + S' - 


n — 1 


n 


< 


n — 1 


n 


[{l - y{'t))9' - 9 + 9{y{t)]- 
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Inequality (|3.25p gives 


,, , g(vW) _2_ L- 

y [t)e " < . 


Since g'{y{t)) > 0 and increasing on [T, oo), we see that 

/ 9(y(t)) \' g' ^ 9 _ L- 

— I e n I < -gn(n-l) n -1 ^ 

V / ~ n 

Integrating the above expression from t to oo and simplifying, we obtain 

g{y{t)) > g -nlog(^l+ g'e^'^ = g - nlog (l + e 


Tl-t 


which proves inequality (|3.12p . 

Now inequality (I3.26p which is given by 


> e"-i 


after integrating from t to oo and simplifying, we obtain 


y{t) < 7 - ^ log 1^1 + ^ 


n — , 9^\ n / hz 

- g e'*-! =7 - 7 log 1 + e 

n J J g' V 


which proves (13.1111 . 

Using (13.111) . it is easy to see that 


< e^(7-2/(i))^ 


which after taking logarithms and simplifying, implies 

g{yit)) - t< ip{y{t)) 

and this completes the proof of p3.13p . 

2"'^_^ 

Proof of inequality f|3.14p will be by contradiction, suppose Ts < T, then- < 5, then ()3.12p gives 

n — 1 

( -T \ 

g{so)=g{y{T))>g-n\og\l + e^-^ > 5 + C)(log( 5 r'))oo as 7 00 , 


which is a contradiction and hence there exists a 70 = 70 ((^) > 0 such that inequality (I3.14D holds for all 
7 > 70- 

T\ — t { Ti-t \ / .\ 

Let t > T^, then-^ < <5 which also implies that log p + e "-1 j < log p + e” j. Let 7 > 7o(<5), then 


from p3.12p . p3.13p . p3.14p and setting 7 = nlog (1 + e "-1 j in assertion (iii) of Proposition 13.21 we have 


y{t) > g ^ {g - n\og{{l + e 

= 7-^log(l + e^)+o(^^log(l + e^)2^ 

= ^W + C>(^log(l + e'5)') . 

This inequality along with p3.1ip proves (13.151) . 
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From Taylor’s series, (I.S.lljl and from Proposition 13.21 there exists ^ € 
that 

9{y{t)) < g{z{t)) 


/ ^i-* \ 

= g — n log ( 1 + e "-i 1 + 


= g — n log (1 + e "-i ) + 


Ti-t \ 2 


n , / ’Ti-* 

7 -- log 1 + e "-1 

g' ^ 


Ti-t \ 3 


g''nr log (1 + e "-i ) g'''{i)'nz log (1 + e "-i 


2(9 


02 


g"!!? log (1 + e "-1 


Tj-^\ 2 


2(9' 

The above inequality together with (I3.12p proves (I3.16p . 
From (13.121) . it is easy to see that 


02 


+ 


+ 0 


3! (9' 


,/I3 


(9' 


7)3 log (,1 + ^ 


(3.27) 


roo roo 

Jt Jt 


Inequality (j3.16p implies 


pc 

/(t)"-i = 


e5(y(*))-«ds 


< e 09 ') 


p9+9'(2-7)- 








and this proves (|3.17l) . 
From (I3.15D . we have 


g'ivit)) = g' (^7-^ log (l + e "-1 ) + O log (l + e"^) ) ) 

= 9'-^log(l + e^)+C>(^^log(l + e'5)'^ 


, ng" ng 


= S - —logil + e"-i)+0(^log(l + e 


*-Tl 


g' \n -I J g' 
which proves ()3.18p and this completes the proof of the lemma. 


d0f 1 ~ 

Lemma 3.5. Let k>l be an integer and X{t) = e "-i . Then the following statements hold: 

11 1 . ^ 

(3.28) 


, 11 1 i-iyc^ 

a.:=l + 5 + 5 + ... + T = -E 


(3.29) 


(3.30) 


E 


2 3 

{-lyc^ 


k ^—' r 

r=l 


1 


(r + 2) (fe + l)(/c + 2)’ 


/ OO 

(z'is)) 


^+Ms = 


n 


(re - 1 ) 9 ' 


fc+i 


-afc 


+ iog(i + x(t)) -J2yn 


{-lyclf 


^r(l+X(t))^ 


Proof. By explicit integration, we get 

/■! /■! 1 ...fc 


= g ri^d.= wOOg. 

Jo ^-X Jo X r 


r=l 


7 such 


□ 






































14 
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Similar calculation gives 
k 


y ^ = / (1 — xYxdx = 


^ (r + 2 ) 
r=o ^ ' 


f x^{l — x)dx = 

Jo 


{k + 1)(A: + 2) 


(s)ds 

Since dX(s) = — --—, making use of (|3.28jl . we get 


(n- 1 ) 


/(s)^+Ms = 


n 


(n 

- 1 ) 9 ' 


n 

(n 

- 1 ) 5 ' 


n 

(n 

- 1 ) 5 ' 


n 

(n 

- 1 ) 9 ' 


n 


k+l 




Xis) 


fc+i 


-ds 


rX{t) ^k 


-dx 


ky-l 


^ r 

r-O Jo 


(1 + x)^+l 
x (0 


(1 + x)'’+i 


\ k+l 

J (n- 1 ) 

\ k+l 

) (n-1) 


r/^k 
r 


^ r(l + x) 

r=l ' ' 


X{t) 


-afc+ log(l+X(t)) 




-r(l + X(t))^ 


□ 


(n - l)g' 

This completes the proof of the lemma. 

Lemma 3.6. Let k > 3, 5 = klog{g') and Ts = Ti — [n — 1)(5. Then there exists a 70 = 7 o(^) such that 
for all 7 > 70 , 

Jf§2 1 


(3.31) 


n n'^UnQ" 

y'{Ts) = - - + O 


{n-l)g' {n-l){g'Y xio'Y 


9 


+ 


with an defined as in (13.2811 . 

Proof. To simplify the notation for the proof of this lemma, denote y = y{Ts), y' = y'{Ts), z = z{Ts) and 
z' = z'{Ts), then from (13.2411 we have 


(yO 


f\n- 


-1 _ /^ Yjll'] fy'Yg' = ^giy)-Ts _ (JYzl 


n 


n 


{g - 9 ' {yW) 


f\n 


+ 

+ 


n — 1 
n 

n — 1 
n 


9"{y{s)){y'{sT+^ - {z\s)T+Yds 


Ts 

00 

Ts 


z'{sr+\ 9 ''{y{s))-g'')ds 


+ 9” z'{sT+^ds Ji + J2 + J3 + J4 + Js- 


Since log ^1 + e "-1 ) = log(l + e^) = 6 + log(l + e ^) = 6 + 0 
from (|3.7|1 and (|3.16|1 


{g'Y 


and X{Ts) = e'’ = {g'Y, we have 


Ji = e- 


= paiy)-Ts — J p9+9'ij:-'r)-Ts 
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From (13.171) and (I3.18p we have 


y'{TsT = z'iTsTe 
n 


o 




(n - l)g' 


1 - 


l + X{Ts) 




n 


(n - l)g‘ 


n 


(n - l)g' 




1 + 0 




g"6 


+ 


1 


{o'? {g'f 


and 


J2 = 


n — 1 
n 

n — 1 


{yr{9'{y)-9') 


n 


(1 + 0 


g"5^ 

{9'? 
"sa 


n J \{n — l)g' 
n \ ng"5 ^ / g''6^ \ 


ng” / g" 6'^ 

-+ O ' 

9' 


{9'f 


+ 0 


n-lj { 9 ')^+^ \{9'Y^'^ ) 


From (IXTTl) and 


J 3 = 


n — 1 


n 


{y'{sT+^-z'{sT+^)g''{y{s))ds 


Ts 


= O 




From Proposition 13.21 and (I3.15p . for s > Tg, there exist a ^ € [y(s), 7 ] such that 
9"iy{s)) = g" + 5"'(0(y(^)-7) = <7" + O(/'(z(s)-7)) + O 


= 9" + 0 


g^ 

9 ' 


= 9"+ 0 


19"' 9 " 6 


9 " 19' 


l]=9" + 0 


9'"9"5‘^ 

9"S 




Hence from (13.301) 


J 4 = 


n — 1 


n 


Asr^Hg'\yis))-g")ds = 0^-^j. 


( 9"^^ \ 


Ts 


From (|3.30p 


— 


n — 1 


n 


g" / 


'Ts 


= (n - 1) 


n 


n g,, 


n-lj {g')'^+^ 


—Otn + S + O 


{ 9 'Y 


= n 


n 


re — 1 


n-l g,, 


(^/)n+l 


{ — Otn + S + O 


{ 9 ') 


J\k 
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Combining all the estimates to obtain 

n — 1 


{y 


,/\n—l 


n 


9 {y — Ji J2 + J3 + Ja + J5 


n 


+ 

+0 


n — 1 
n 


n—l //r 

ng 0 


{g') 


/'in+l 


n—l n 

ng” 


n-lj ig')”+^ 

"52 1 


— CKn + (5 + O 




,l\k 


9 


+ 


(^gl'^n+2 (^gf^k+n—1 


Therefore, 




"X 2 


g”6- 


(re - 1 ) 51 ' 

and Proposition 13.31 now gives 


+ 


(^/)n+3 


n 


y = 


9 // 

n OnQ 


g”5‘^ 1 

+ 


{g'r (!/')"+' 


in-l)g' {n-l){g')^ 

This completes the proof of the lemma. 

Lemma 3.7. Let k > 3, 5 = klog{g'), T 5 = Ti — (re — 1)5 and 6 G M. Assume that g satisfies 

'n — l' 


(3.32) 


limsup( 5 ((s) — 


re 


sg'is)) > 6 + 1 . 


Then, there exists a 70 (/c) > 0 such that for all 7 > 70 (^), we have 


(3.33) 


rTs 


edivi^ll-^ds = O 


{ 9 ') 


q-l 


(^/)fc+n 


-1 ’ 


i-Ts 


9'fe(.))e»W»-‘d, = of+^ 


where q is given as in 031). 

Proof. Choose 71 such that Lemma [331 holds for 7 > 71 , 5 = klog{g') and 

"re — 1 


(3.34) 


9 


re 


79 ' > b. 


□ 


Let ip be as in (13.41) . then, for 6 > sq, we have 9 ^ ip{9) is a convex function. Hence from ()3.13p . we have 


(3.35) 


9{y{t)) - t < ipiyit)) < max 


for t G [f,Ts]. 


Estimate for 'ip{y(T)): From (j3.34p . 


HyiT)) = g{so) - 


re — 1 


re 


•so^' -{g- 


re — 1 


re 


79 ') -{n-1) log( 


re — 1 


re 


< 


which implies that 
(3.36) 


9 {so) - W - 6 - (re - 1 ) log( 9 ')^ 


gb(y(T)) ^ Q 


{g- 
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Estimate for il}{y{Ts)): From (|3.15l) and (13.161) 

n — 1 


{j - y{Ts))g' - {n - l)log{ 


i^iviTs)) = g{y{Ts))-g + 

\ J 

= -n log(l + e^) + f (7 - z{Ts))g' - (n - 1) log( ^ 


n — 1 


n 


n 

n — 1 


g') 


n — 1 


n 


Thus, 

(3.37) 


= —n log(l + e^) + (n — 1 ) log(l + e^) — (n — 1 ) log( 

= _5_(„_l)log(5') + 0(l). 


My{Ts)) g-5-(n-l)log(g')\ 1 \ _ 

V J y^g,^k+n-ij 




Estimate for T — T^: From (13.Sp and (13.110 . it is easy to see that Tq < T. Now from (13.3|) and (13.141) . we 
have for for 7 > 70 , 

n — 1' 


0 <Ts-T<T 3 -To = g + {n-l)log{ 


n 


g') -{n- 1)5 


-g-{n- 1 ) log( 9 ') + "^ 9 ' + O ^e“ 


(3.38) 


< 0{{g' 


9-1 


where we have used 7 = 0 (^{g') ^. 

Hence from (I3.36p . (13.371) and (13.381) . we have for 7 large 


rTs 


c9{y{s))- 




= O 


{g'] 


9-1 


(^/)fc+n 


-1 


\ ( ( ^ \ ^ ' 

' g'iy{s))e3^y^^^^-^ds = O i^g' = O ( 


and 


This completes the proof of the lemma. 

Immediate consequence of the above lemma gives the following asymptotics: 

Lemma 3.8. Let g satisfies (13.321) with /c > 5 H-^—, 5 = A:log( 5 ') and T 3 = Ti — in — 1)5. Then there 

9 -J 

exists a 7 o > 0 such that for 7 > 70 and for all t € [T,Ts], we have 


□ 


(3.39) 


y'it) = 


n 


9 // 

n OnQ 

+ 7 -:^TWU 7 + C) 


(n-l)fi(' {n-l){gp 


sy 

(g- 


|/^4 / ’ 


T = 


n — 1 


n 


Sag +{g- 


n — 1 


n 


ig') + (ra - 1 ) log( 


n — 1 


n 


g') + 


^ (n - l)ff"an(7 - gp) I ^ 


(log(ff'))^ 


(3.40) 
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Th) > U - I w) + (n - 1) log ( (A + 


n 


n 


9' 


(3.41) 


+0 


{\og{g')f 


Furthermore, setting to (n + 3) log{g'), ifT{'y) >to + 0(1) then 


T{'y)=g-[ - 75 +(n-l)log( - ]g) + - - - 


n 


n 


+ 


(3.42) 


+ O 


(log(5'))^ 


Also for all t G [max{io, ^( 7 )}, T], we have 


(3.43) 


y'(t) = y'(T) + 0[^^^ 




IfT('y) < to + 0(1), then 


(3.44) 


y(t.) = o('^ 


V 9 ' 


Proof. Since k > 5 -we have for t G [T, Ts] and from using (I3.33p . (I3.3ip 




rTs 


y'it) 


= y 




= y'(Ts)^-^ + 0 


^9>)i+r. 


= y'(Ts)'^-Ul + 0 


(<?') 


Now by making use of estimate (|3.31|1 . we get 


y'(t) = y'(Tt)(i + o(^^')) 


n n^any” {5^ 9 ” 

(n-l)g'^ (n-l)(gy^^\gf 


This proves ()3.39l) . 
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From the mean value theorem and (|3.39p . there exists a ^ T^] such that 


f ^ , y{f)-yiTs) ^ so-z{Ts) + o[^) 


= Ts + 


y'(0 


n — 1 


n 




y'(0 

5^9" 


so-j + ^log{l + e^) + o(jJ^ 


{g'Y \{9'? 

Ti - (n - 1)5 + 9 '{sq - 7 ) + (n - 1)5 + (n - 1) log(l + e~^) 


an{n - l)5"(so - 7 ) n{n - l)ang''_ <^^75" 


n — 1 


n 


9 ' 

SQg' + {g- 


{g'Y 

/N / .N, 

- 75 ) + (n - 1) log( - 

n J \ n 


(<?') 
ff') + 


an{n - 1 ) 5"(7 - So) 


+0 


{log{g')f 


This proves (13.401) . 

For t G [r( 7 ),T], we have y'{t) > y'{T) and hence from the mean value theorem, there exist a ^ G 
[T{'y),T] such that 


^ _ j.(7) ^ < ^0 


y'(0 


y'{T) 


Hence from (I3.39p and (j3.4np 


r(7) > t- 


So 


y'iT) 

n — 1 
n 


sog' + (5 - 75 ') + {n-l) log( 9 ') + 


O 


{log{g')f 


an{n - 1 ) 5 " (7 - So) 

H-;-So 


n — 1 


n 


nang” ( S^g" ^ 
1- r-^ + 0 ‘ 


(3.45) 


(log(5'))^ 


{gT \igr 

an{n - 1 ) 75 " 


+0 


This proves (13.411) . 

Let t G [max{to, T( 7 )}, r], then 


= y'{fr-^ + f{y{s))e-^ds 
= y'{fr-^ + O(e-'^W) = y'{fr-^ + O ((^ 7 ^) • 


Hence 

(3.46) 


y'{t) = y'{f) + 0 


g"5^ 

{g'r 
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Suppose that T{'y) > to + then there exists ^ G [r( 7 ),T'] and from (j3.45ll and (13.461) we have 

y(r(7))-y(r) 


r(7) = T + 


= T - 


So 


y'iT) 


y'iO 
(1 + 0 


g''5^ 

(y'r 


(y - + in-l) log( 9 ') + 


an{n - 1 ) 75 " 


+ 0 


(log(5'))^ 


This proves (|3.42l) . 

Let T( 7 ) < to = (n + 3) log{g') + 0(1). Then (13.461) holds for t G [tojT] and this proves (I3.43p . From 
(I3.43P and mean value theorem, there exists a ^ G [to,T] C [r( 7 ),T] such that 


y{to) = y(T)+y'(0(to-r) 

= so + y'{f){to-f) + 0 

= So + (to — T) 


(to - f)g’' 6 ^ 


i9‘ 


+ 4 


n annPq" 

+ 7 — ... +0 


— So + 


n 


{n-l)g' {n-l){g')^ 

9‘ 




{ 9 ') 


-{ 9 - 


(re - 1)51' 
n — 1 


1 + 0 


// \ x / /^_i 


n 


{9'Y 

19 ') - (n- l)log(^ 


tq — 


n 


so9 


n — 1 


n 


9') + 0{l) 


n 


< 


(n - l)g' 
n 


to-{g- 75 ') -(n-l) log( 9 ') + O 


to - 6 - (n - 1 ) log( 


n — 1 


n 


9 ') 


+o(^ 1 =0 


V 9 ' 


(n - l)g' 

This proves (13.441) and hence the lemma. 

Lemma 3.9. Assume that there exists a P > 0 such that os s —>■ 0, 

f{s)-f{0) = O{s^). 

Then there exists a bounded function A : 7 —>■ ^( 7 ) such that ^( 7 ) = 0 if f{0) = 0 and for large 7 

"re — 1' 


(3.47) 


Til) = {g- 

+0 


re 


19 ') + (n - 1 ) log( 


re— 1 \ (re — 1 )q;„7q" ,, , 

9 ') + ^+ ^( 7 ) 


re 


9' 


(log(gO)^ ^ Mrfyf^^-ig-i^) 


Furthermore, 


(i) Assume that lim [g — 

J—^OO 


re — 1 


re 


(sr 

^ 79 ') = 00 , then 


-(s- ^ 7+) 


□ 


(3.48) 


y'(T(7)) 


re n^OnQ" 

-^-!!T-L 0 

(n-l)g' (n-l)(9')^ 


W ^ (9T-^ )' 
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(ii) Assume that limsup I g — 

7—>00 \ 


n — 1 


n 


75 '^ < 00 . Then, 


n n^anq" 

y'{n^)) = -—+ T+ 


(3.49) 


{n-l)g' {n-l){g'f 

+0 


1 + 


/(0)e 


-ni) 




y'{to) 


-1 


y'{T) 




V {y'f {9') 


04 


n 


Proof. Let to = {n + 3) log (s''). If T{j) > to, then (I3.47P and (|3.48l) follows from Lemma (3^ 

(71 — f 

Hence assume that T{'y) < to. Prom (j3.4ip it is easy to see that {g -— 75 ') = 0{log{g')) which 

gives T = 0{g') and from (I3.46p . we have 
(3.50) 

, y{to) y{f) + y'{^){to-f) 

lo-77-T — to - 

y'[to) 


— to — 


y'{T) + O 
so + y'{f)(to -f ) + o ( '‘ 7 ,t{f^’ ) 


!,'(f)(l+ 0 (gfj)) 

From (|3.4ip . (|3.39p and (13.461) we have for t € [T(7),to], 


o— t 


(3.51) 


y'itoY 

Hence from (j3.44p and (j3.5ip . we have 


- = 0 


y'{tT-^ = y’itoT-^ + f{y{s))e-^ds 

= y'itoT-^ + /(O)e-* + O (y(s)^e-Ms + 
= y'(to)''-'+/(0)e-' + 0 


/ (log(ff'))^ _t _ 

V (g'r (<?')"+V ■ 


Therefore, from (I3.5ip 
y'{t) 


y'{to) 


= 11+ V" +0 


—t 


(3.52) 


y'(to) 


= I i + +0 


+ 


y'(to) 


f (log(g'))^ e _ 

V ( 5 ')^ y'(to)’^~^ ' (g'Y 
( (log(gO)^ (.9-1^7.90 , ^ 

V {gr {g'f 
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Hence from (|3.5UI) 


yjto) 

y'ito) 


p ]At) 

jTh) y'{ 


dt 


/r( 7 ) y'ito) 

to - T{-f) + [ 

Jt 


to 

T(7) L 


,, , /( 0 )e ; 


dt 


(3.53) 

Let 


+0 


/ OogOT)^ , aji (loglg')) "^ 

I (9')" + W ) 


A{-,) S 


"" V + )At - 1 


/T(7) L 


y'(io)" ^ 

def 


dt. 


If /(O) = 0, then ^( 7 ) = 0. Let /(O) / 0 and 6 »o = - log(/(0)) + (n - 1) log(y'(to)). Then, 

rto+9o p j n 

^( 7 ) = / (l + e“*)^^ —1 dt and 

JT('r)+9o L J 

^0 + ^0 = (n + 3) log(7) - (n - 1) log(7) + 0(1) ^ (X) as 7 ^ 00 . 

Also from (j3.41D 

T( 7 ) + 00 > (n - 1 ) log(7) - (n - 1 ) log(7) + 0 ( 1 ) = 0 ( 1 ). 

Hence ^( 7 ) is bounded as 7 —>■ 00 . Therefore we have from (j3.53p and (j3.50p 

(n - 1 ) 075 '' 


= id- 


n — 1 


n 


75 ') + (n - 1 ) log( 


n — 1 


n 


9 ') + 


9 ' 


+A(7) + O ( 

V 9 { 9 )'^ 


This proves (13.471) . Let g — 75 ') —)• 00 as 7 ^ 00 . Then for t G [r( 7 ),to] and from (|3.46l) 


Thus, 


y'(t)-i = y'(to)''-' + ^ ° f(y(s))e-^ds = 5 '(to)"-' + O (e-^W) 


y'(t) = y'ito) + o 


= y'if) + o 

This proves (I3.48p . From (I3.52p we have 


ig,)n-l J 

1 e-(s-(7w)7T)' 


(<?')3 ( 5 ')"-! 


y'i^ii)) = y' ito) + y' ito) 

+0 


/(O)e-'^O) 1 ■ 

^ y'ito)^-^ ^ 


( (log(g'))^ -(g-(l^)7g') , ^ 

V (g')^ w 
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and (|3.49|) follows from (|3.46|) . This proves the lemma. 


□ 


Proof of Theorem \2.^ : This follows from Lemma 13.91 

4. Proof of Theorem 12.31 

First we look at the linearization of 2 which plays an important role in proving the theorem. Let 6 € 


□ 


and define zg{t) z{t — 6g') + 9, then zg satisfies 

zg{oo) = 'y + 9, zg(oo) = 0. 


(4.1) 


dzg 


Let V 2 (t) = | 0 =o. Then V 2 satisfies 

0(7 

(4.2) V 2 (t) = l-g'z'(t). 

Differentiating (14.1|) with respect to 9 and evaluate at 0 = 0 to obtain 


(4.3) 

Moreover from (14.21) . V 2 satisfies 

V2(t) = 

(4.4) 


-((zT~^vfy = 

n — 1 

¥ 2 ( 00 ) = 1, Vf(oo) = 0. 


n' g~* 

1 n — 1 

_ n ^ _ 

Q-t 

n—1 

n 


1 -L^e "-1 

n—1 


^ + l + e"-i 

1 f n \ 1 

+ 


n—1 


(4.5) 


(4.6) 


Viit) = 


n 


^ ^ ^ 1 + e "-1 


Tl-t 

e "-1 


(--D^l + e^)^’ 


vy{t) = 


n 


Tl-t 

e "-1 


(n — 1)3 


1 - 


(1 + e "-1 )^ L 1 + e 'i-i 
Clearly Vf > 0 and V 2 has exactly one zero at t = 5*0 given by 

(4.7) 

It is easy to see that 

(4.8) 


5*0 = 5 + (n - 1 ) log ( — ) = Ti - (n - 1 ) log(n - 1 ). 


P 2 (-Oo) = - 


n — 1 


Let Vi be the linearization of y{t) = y{t,^) as in section [2] (see (I2.12p i and set 

S = 0(log{s')). A = A - (n - 1)<5, 

gl(<) = 

(n — 1 ) n —1 

P^{t) 

(n- 1 ) 


(4.9) 
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Then, Vi and V 2 satisfy respectively: 
(4.10) 


- {{yT-^Vir = piV,e-\ 


(4.11) - {{zT-^V'Y = p2V2e-K 

For r( 7 ) <t<r], integrating ()4.10p and (14.lip gives 


(4.12) 
Thus, 

(4.13) 
Similarly, 

(4.14) 
and 

(4.15) 

Let 


y'iv) 


n—2 




1 


y'it) 


n—2 


piVie ^ds. 




de 


t(a\n-2 


y'{0) 


ds. 




V2it) = V2{p) - V^iv) J" -" 2^26 


d 0 


./(a\n-2 


z'{e) 


ds. 


p^{t) = {(y'itr-^-z'itr-^w'it))' 

(4.16) = (n - 2){y'{tr-S"{t) - z'{t))V' + {y'{tr-^ - /(t)"-^)^". 

Then we have 

{{y'T~\ViV2-V^Vi))' = {{y'T~^Vi)'V2-{{y'T~^Vi)'Vi 

= —piViV2e~^ + P2ViV2e~^ — p3{t)Vi. 

Therefore, 

n—2 


v;it)v2it)-vi{t)v’it) = 


y'iv) 

y'{t) 


{Vl{v)V2ip)-Vi{p)V'{v)) + 


(4.17) 


+ ^/(^)n-2 I (Pi-P2)FiF2e + P 3 Vi{s)ds. 


In all the future lemmas, the statement deals for large 7 ; that is there exists 70 > 0 such that for 7 > 70 , 
the lemma is true. Note that 70 may be different for different lemmas. With abuse of notation, we delete 
the statement 7 > 70 or for large 7 . 

We need the following estimates proved in Section [3] (see (I3.16P and p3.18p l and some more estimates. 
Let t >Ts, then 


(4.18) 


9 {y{t)) =9 + g\z{t) - 7 ) + C> ^^^(log(l + e^)) 2 ^ , 
9 '{y{t)) = 9 ' log(l + e^) + 0 ^^^(log(l + e'^))2^ 


(4.19) 
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g"{y{t)) = g" + 0[^—\og{l + e^)]=g'‘ 


1 + 0 log(l + e^) 

\ jg' 


(4.20) = g" 1 + 0 

Since g' ~ 1 < ^ < ^ 

9 "{yit)) g" 


( log(l + 


= 9 

1 


1 + 0 


/log(l + e^) 

V (gT 


79 \ 1 i J 9 TT 

1 w /I 2 - I ~r — ~ and n < -Hence, 

n -1 (g'r \ 9 J 79 {g') 7 =i Q-l 


El 

9' 


1 + 0 
1 + 0 


/log(l + e^) 

V {g'Y 

g" log(l + e^) 

w 


g'lvit)) ,, (g'" 


9 '{y{t)) 

1 


= o 


n — 1 


9' 


= O 


79"' g" 

g" 79 ' 


= o 


9'{y{t)) g' 

(4.21) 
and 

(4.22) 

Therefore, 

Pi{t) = 

and 

(4.23) pi{t) = 

Let Ts < ti < t 2 < oo, then from (13.71) and by integration by parts 


^ + e"^) + (!? ^^|^(log(l + elf 


(<?') 


^ (l + O log(l + e^)) ) , 




c9+9'{^-+-s 


d0 


( z '( 0))^-2 


ds 


9 


(4.24) 

Setting t 2 = oo, we get 


< 


n — 1 
9' 

n — 1 


ft 

Z{t 2 ) - z{ti) - z'{t 2 ) / 
Ju 


z'{t) 


dt 


z{t2) - 2;(ti)| < 


n 


(n - 1 )^ 




0 < 


POO 

I («. 


de 


{z'm 


n—2 


(4.25) 
and 

(4.26) 


ds < 


< 


9 


n — 1 
n 

n — 1 


(7 - 41 ) 

Ti -t 

log(l + e "-1 ) 




< 


n 


(n — 1 )" 


Idea of the proof: Basic idea is 

(1) Let 5 < 5i < oo be the first turning point and first zero of Vi before infinity. Then in the first few 
lemmas, we show that Si exists. Then estimates about | Hi (t) — H 2 (i) | + | H/ (t) — V 2 ft) | for t € [S, 00 ) 
are established. 
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( 2 ) Since V 2 (t) —>■-- as t — oo, hence for TM < t < S, Vi and V 2 depart. Therefore we 

n — 1 

need a better estimate of S and this is achieved by using the identity (I4.6ip in Lemma 14.61 This 
identity plays an important role in proving the crucial estimate (I4.66P in Lemma 14.91 which yields 
the necessary result. 



Lemma 4.1. Let Ts < t < rj < 00 , A = O ^■^-^^(log(l + and 

(4.27) Mrj{t) = max{|Vi(s) — V 2 {s)\-, t < s < t]} . 

Then for 7 large, 


2n 


Mr,{t) < \Vi{v)-V2iri)\+2\r,-t\\Vli7j)-V'ir])\ + ^logil + e^)M,,{t) 


(4.28) 


+ 2A 


\y 2 {v)\{v-t) +log(l + e" 


Tl-t, 


(4.29) 


Moo{t) < 41og(l + e )[A + Moo(t)] and 


(4.30) \Vl{t) - Vm < 2|^i'(r/) - V^irj)\ + 2A{\Vf{v)\ + V2{v)) + 4M^(t). 

Proof. Prom (I3.17p . (14.2311 and (j4.15p . we have for T 5 < t < s < ry < 00 , 


4^1 (^) 
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Hence 


rn / . \ n—2 rn 


(4.31) 


z'{^ 

{0) 


n—2 


de 


n r\'r 

+e^l P.(V,-V,)e->(l 

Since z'{r]) < z'{9) for 0 < r/ and 0 < H 2 < 1, we have by using (14.251) for r/ / 00 
11/1(5)-F2 (s)| < \V^{n)-V 2 {il)\+e^{r,-s)\V{{'n)-Vi{r^)\ 

- 1 ) (\y 2 i'n)\iv -s)+ log(l + e^) 


dx 


{z'{x)) 


n3l)d0 


n — 1 


(4.32) + 

If ?7 = 00 , using (12.3|) and (I2.12D . we get 


n 


n — 1 


Tl-s 


log(l + e ’^-1 )Mri{s). 


n 


n — 1 


11 / 1 ( 5 ) - 1 / 2 ( 5 )! < (e^ - 1)--log 1 + e "-1 H-re^log 1 + e "-1 Moo(t) 


n 


n — 1 


For 7 large, we have < 1 + 2A and < 2, hence by taking the maximum of jFi — V 2 I in [t, r]] we obtain 

if ry < 00 

M,(f) < |Fi(ry)-F2(r/)|+2|t-ry||F/(ry)-F2'(^)l 


+2A ^|F 2 (ry)|ry - t| + log (l + e "-1 
+4log (^1 + 


Tl-t 


and if ry = 00 , the estimate 

Moo{t) < 41og(l + e~^){A + Moo(t)). 
This proves (14.281) and (14.291) . Next, 


j\2{Vl-V2) 


// \ \ n—2 A 

z[r])\ e 


= + 




z'{t) J z'{t)^ 2 

/ ('^\ \ n—2 pn 

+ 


- V2)e ®ds + 


z'{t) 


n—2 


i: 


P2V2e ^ds 


t(+\n-2 


+e\vi{p)-Vi{p)){^] + 


z'{t) 

z'(ry)^"-2 


It 


P2V2e ^ds 


rv 


P2{Vi-V2)e-^ds. 


Z'{t) ) ' z'{tY 2 Jt 

Hence from ()4.14l) . ()4.26l) . we have 

\V;{t)-VM < 2|V^i'(ry) - F 2 '(^)I +2^(|H2'(ry)| + V 2 (^?)) +4M,(t). 

This proves the lemma. 

In the next few lemmas we estimate the first zero Si and the hrst turning point S defined by 

Hfif 

Si = inf{t : I/i(s) >0, Vs G (t, 00 )}, 


□ 


(4.33) 






































28 


ADIMURTHI, KARTHIK A, AND JACQUES GIACOMONI 


(4.34) 


S inf{i : V({s) >0, Vs G (i,cxD)}, 


Lemma 4.2. Let Sq be the zero of V 2 as defined in Then there exists a ki > 0, C 3 > 0 and 70 > 0 

such that for all 7 > 70 , we have 

(4.35) \V,{t) - V 2 {t)\ + \Vl{t) - Vm = O Vt > Ti + 2(n - 1) log(5'), 

(4.36) Si-So = 0 


9 

(97 


mt)-V2it)\ + \Vl{t)-Vm=0 


9 


{g'f 

y2(5i-(n-l)A;i)<-C3 


^t > Si — {n — 1 )^ 1 , 


(4.37) 

(4.38) 


Proof Let 6 = -2log{g'), then A = O + e^)f j = O 

Ti — [n — l)h and using Lemma l4.11 we have 


\Vi{t)-V 2 {t)\ = o 

Let 77 = 00 in (|4.30p and t > Ti — (n — 1)(5, we have 


and hence for t > Ts = 


iff 


.74 


\V(it) - V^{t)\ = 2A + M^{t) = O 


{ 9 ') 


This proves (14.351) . Let /sq > 0 be large such that 41og(l + e ^°) < - and let —5 = ko, then A = O 
Then from (I4.29p and for t > Ti + (n — l)/i:o 

Moc{t) 


{ 9 ') 


Hence Moo(t) = 0{A) = O 


9 


{ 9 '? 


< 41og(l + e "-1 ))H. 


Prom (|4.3Up taking 7 = 00 we obtain for t > Ti + (n — l)A:o the 


estimate \Vl{t) — H 2 (t)| = 0{A). Hence for f > Ti + (n — Pjko, we have 


{9‘ 


(4.39) \Vi{t) - V 2 {t)\ + \V({t) - VM = O 

Claim 1. 5i < Ti + (n — l)/co. 

Proof of Claim 1: Since Ti + (n — l)fco = g' + {n — 1) log + (n — l)fco = 5o + (n — l)A:o + {n — 

1) log(n —1), hence if 5i > ri + (n —l)feo, then 5i > Sq and Sq — Si < —(n —l)(A:o+log(n —1)) < —(n —l)A:o. 
This along with (14.391) . (I4.4p gives 

Sg-Si 

1 - P 

-^ = P2(5i) = H2(5i) - Hl(5l) = O 

1 + e "-1 


(V' 


Thus, 


gp-gi 

1 — g „_i _j_ Q 




< 1 


which is a contradiction and the claim follows. 


□ 
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Claim 2. There exists a Ci > 0 such that 

(4.40) Si>Ti + {n-l)ko-Ci. 

Proof of Claim 2: Let S '2 = Ti + (n — 1 )^ 0 , then from (I.S.27jl . for T{'y) < t < S 2 , we have y'{S 2 ) > z'{S 2 ) 
and y'{t) < y'{T{'y)). Hence from (I3.31j) . there exists a Cq > 0 such that for 7 large 

^'(<52) ^ Z'{S 2 ) _ g'(n-l)(l+e-° 0 ^ 


y'it) y'(T(7)) (l + Co)(^ + o(^)) 


>C 2 


where 6*2 > 0 independent of 7 {C 2 depends on 70 but is independent of 7 > 70 ). Hence from Claim [H 
and flT39]> 

^ Vi{S2) = Vi{S2)-Vi{Si) 


V 2 {S 2)+0 


9 




:/\2 


> 


rS: 

liS 2 ) 

JSi 


dt 

y'it) ) 


Since ¥ 2 ( 82 ) = 


1 - 


n—1 


Vf{S 2 ) = 


> C2Vl{S2)iS2 - Si) = C2iVf{S2) + O 

p—ko 


{g'f 


)iS 2 -Si). 


n 


1 _l_ g fco ’ (n — 1)2 1 + e ^0 

that 82 — Si < Cl- This proves the claim. 


, hence there exists a Ci > 0 independent of 7 such 

□ 


Claim 3. For t > Si 

(4.41) 

(4.42) 


Si = So+ 0 


{ 9 ') 


02 / ’ 


\Vi{t)-V 2 it)\ + \Vi{t)-Vi{t)\ = 0 


i9‘ 


,l \2 


Proof of Claim 3: From Claims [U and [2lwe see that Si = Ti + (n — l)5o and 60 = 0(1). Hence for 


t € [S'!, 00 ),we have 0 < Vi{t) < 1, S 2 — Si = 0(1) and from (14.2311 pi = p 2 e v(TF/. Now, using (|4.26ll 
and ()3.17|1 we have 


r-Sa 




n—2 


'Si 


(pi - p 2 )ViV 2 e-^dt = O 


fSa 


P 2 e 'dt 


(5')V ^'(5i)"-2 Js, 


(4.43) 

(4.44) 


= O 


Vi(t) = - 


y'it)^ 2 


Pie ^Vids = O 


1 






z'(t)'^ 2 
Vi{t) 


I 


y’iSi) 


n—2 


P2e Msj = 0(1), 

/ OO 

(pi - p 2 )e“*dt + O 


i9') 


= O 


(9 


/\2 


and similarly 

= o (ff^is^ - so 


= O 


(<?') 
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Therefore from the above estimates, we have 


y'(5i) 


n—2 


(4.45) 




= O 


iff 


:/\2 


Taking rj = S 2 , t = Si in ()4.17l) and from the above estimates we have, 

'y'{S 2 y^-^ 


Vi{Si)V2{Si) = 

= o 

From Claim [H we have 


y'{Si) 

9 " 


[{Vl{S2) - V'{S2))V2iS2) + {V2{S2) - lh(52))^/(52)] + O 


{9‘ 


,l \2 


{g'f 


r;(Si) > v/(S2)hT^ = vi(s^)o 


for some Cs independent of 7 . Hence H 2 ( 5 'i) = O 


{ 9 '? 


eW +0 


and 


{ 9 ') 


> C3 > 0 


5n-Si 
1 — e "-1 


Tl-Sl 

1 + e "-1 


= \V2{Si)\ = 0 


{9‘ 


72 


Since Ti — Si = 0(1) and hence from the above equation,we get Sq — Si = O 
Also 

rJf 


(9’) 


This proves (14.4011 . 


(4.46) 


\V2(Si)-Vi{Si)\ = \V2iSi)\=0 


9 


{ 9 '? 


We now have two situations to handle, but before that we shall prove a few other estimates. Let e > 0 
Tl 1 

such that = - and taking t = Sq and r/ = 5o + e in (|4.32p . we get on [S'o, Sq + e] 

|4h(s)-H2(s)| < \Viin)-V2(v)\+e^\V(i7^)-V'irj)\\s-v\ 

+ (e^- 1 ) 


Tl '^1 ~^Q 

l^ 2 (^)ll'S - V\ H--log(l + e "-1 ) 

n — 1 


+ 


n 


n — 1 


|S - v\Mr^is) 


which now easily gives the estimate 

(4.47) M^(s) <Co(\Vi{rj) - V 2 (v)\ + \Vlirj) - V'(v)\ + O 


{9‘ 


,/J2 


for all s € [^o, S'o + e] and some constant Cq > 0 independent of 7 . 
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Since V 2 (S'o + e) = 


1 — 6 ^ 

-> C*! > 0 depending only on e, observe that if we replace 5i by Sq in 

1 -f- e 

(j4.43D . (I4.44P and (|4.45D . still all the estimates hold. Hence for t E [5o + e, ^ 2 ] and from previous claims, 




n—2 


(4.48) 


y'{t) . 
y'{S 2 y^-^ 


{Vi{S2)V2{S2) - Vi{S2)Vi{S2)) + o 

{¥{{82) - Vi{S2))V2{S2) + 


(<?') 


y'{t) 

+ {y2{S2)-Vi{S2))V^{S2) + 0 


= o 




{9') 


1 (ti — 1 ) 

Note that we needed S'o + e < 82 , or in other words we needed --=: e < (n — l)[/co + log(n — 1)]. 

2 71 

Choose ko > 0 large such that the required estimate holds. 

Similar to Claim [U we also have 5o + e > 5i and hence Vi(5o + e) > 0. In particular, 

Ci(t) > Ce > 0 for t E [5o + e, S' 2 ] 

Proof of 80 + s > 81 . Suppose not, then we must have 80 — 81 < —e. From the definition of V 2 ) we get 

Sfl-gl 

1 — P n—1 

C2(5i) =-^ = H2(Si) - Hi(5i) = O 

1 + (n — l)e "-1 


(<?') 


This implies for 7 large enough 




1 — g „_i O { (1 + e "-1 




{9‘ 

which gives the necessary contradiction and this proves that 80 + e > 81 . 


{g'f 


< 1 


□ 


As a consequence of 5o + e > Si, we see that Vi{t) > Cg > 0 for t E [Sq + e, S 2 ]. Since V 2 (So) = 0, we 
also have 1 ^ 2 (s) > Cg > 0 for s E [Sq + e, S 2 ]. This allows us to divide by Vi and V 2 in (I4.48h to get 

r.W ^ Vi(S2) o(^) 

U(t) V2(S2) 

Integrating from t to S 2 , we now get 

= «(s.)-u(52))4a|4 + o(^)=c(^). 

Hence from (j4.3np and (j4.39p . \Vf{t) — Vf{t)\ = O ^ ’ That is for all t E [Sq + e, S 2 ], 

\y{t) - V 2 {t)\ + \vi{t) - vm = o . 

Using this in ()4.47p . we get 

1^1 (t) - V 2 it)\ = O for t E [So, So + e] 
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and now making use of (|4.3UI) . we get 

\Vl{t) - VM = O for t G [5o, So + e]. 

Let 

/ if5o<5i 

\ [Si, So] iiSQ>Si. 

Case i: I = [SqjS'i]. In this case, our previous calculations automatically gives the desired estimate 

\Vi{t) - V 2 it)\ + \V({t) - vm = O for t G I 

Case ii: I = [Si, So]. From (14.461) . we see that for t G /, 


S\ 

Vi{t)-V2{t) = Vi{Si)-V2{Si)-j^\vi{e)-vi{e))de 


(4.49) 


= o 


q” \ ( q" 

^ '+0(|Si-So|) = 0' ^ 


( 5 ' 


(<?') 


Hence from (I4.28p . (14.301) . we obtain 

(4.50) \V[{t)-V!,{t)\=0 

This completes the proof of Claim [31 




for t G /. 


Let fci > 0 to be chosen later and S 3 = Si — (n — l)A:i. Then 


S 3 - So = Si - So - (n - l)ki = O 


iff 


,/J2 


— (n — l)A:i 


and 

Hence 

(4.51) 


Ti - S 3 = Ti - So - (Si - So) + (n - l)A:i = 0(1). 


^2 (S3) = 




< -C 3 


1 + e^C) 

which proves (|4.38p . 

Consider s G [S 3 , Si] and now using (I4.31|) . we get with rj = Si 


rSi 


z'iSi) 


n—2 


Vi{s)-V 2 {s) < \Vi{Si)-V 2 {Si)\-\V({Si)-V^{Si)\e^ 

+(e^-l) r P 2 V 2 e-\ 


z'{e) 


dO 

dx 


□ 


( 2 :'(x ))"’“2 


)d 0 


/ oi pu ^ 

P 2 \V 2 -Vi\e-%J^ 

< |Fi(Si) - H 2 (Si)| - |Hi'(s/) - F2'(‘5i)|2(n - l)A;i 


+(e^ - 1 ) 


n 


|V2'('S'i)|(n - l)A;i + ( log (1 + 


+e^Ms^{s) ^ ^^^ ki{n - 1). 
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Now choose ki small such that e 


A n , 


, , < — which implies 

(n - 1 ) 2 ^ 


Ms,{Si) = 0 


{g'Y 


This completes the proof of the Lemma. 


□ 


Lemma 4.3. Let ki > 0 and S 3 = Si — {n — l)ki he as in Lemma [J7^ Let 6 > 0, 6 = 0{log{g')) and 
Ts = Ti — {n — 1)<5. Define 


(4.52) 

Then for all t G [S' 4 , S 3 ], we have 


54 = maxjT^, S'}. 


(4.53) \Vi{t) - V2it)\ + \vm - vm = O 

Proof. From Lemma 14.21 and (j4.3ip , 


{g'Y 


Vi{S3) = V2{S3)+0 

Hence for t G [S4, S3] and 7 large,we have 

C 3 


{g'Y 


<-C 3 + 0 


{g'Y 


Vi(S 3 )<-^< 0 , |S 4 -S 3 | = 0(5) log(l + e'’) = 0(,5), 

0 < vi{t) < ^P^h/(S3 ) = vi{S3) + 0(1) = 0(1). 


Since Vi{t) < 0 for f € [S 4 , S 3 ], by using (14.231) . we obtain 


7^^ I (pi-p2)ViV2e ^ds 


= O 


1 


(4.54) 


= O 


d^g" _ 

{g'y 
Ig') 

5‘^g" 

W 


piVie-^ds^ 
/ n a W ti—2 




For s G [t, S 3 ] and from (I3.17p . we have 




n—2 


- 1 ) 


z'{t) 


n—2' 


= o 


5'^g" 

{g') 


.02 / ’ 


y'i-t) 


n—2 


S 3 

nVds)ds = [ fe '( s )”-2 _ 


S 3 

t 




(4.55) 
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From (14.511) . we see that V 2 {t) < —C 3 for t E [^ 4 , 53 ]. Also since Vi(S' 3 ) < 0, we have 


Viit)<Vi{S3) = V2{S3)+0 




{ 9 ') 


< 


-^3 


2 ; — 


This gives 
(4.56) 


0 < 


Vi{t)V2{t) - cl 


1 


l^iWI “ C 3 

From Lemma [121 (14.171) . (|4.53l) . (|4.54l) and (I4.56p we have 


<7^ = 0{l). 


v(it)V 2 {t)-v,{t)vl{t) = 


+0 

= o 


y'{t) 

y'jSs) 
y'{t) 
s^g" 


{Vl{S5)V2{S3) - ViiSsWliSs)) + o 




n—2 


5^g" 


((y/(S3) - y2'(-53))hl(53) + mSz) - ^i(53))V^2(S3)) 

\Vi{t)\ 


{g- 


,/J2 


\Vi{t)\ 


Dividing by V 1 V 2 and integrating between [LS's], we obtain 

, 52 / 1 


^2 


{g'rmt)] 


= o 


(g- 


i/J 2 / ’ 


Vi{t) - V2{t) = - ViiSs)) + o(^ 


V 2 {S^) 

From (|4.29p and (I4.30p we have 

\vl{t) - VM = o(\vl{Ss) - ii'pss)! + o 


i9‘ 


J \2 


This proves the lemma. 

As an immediate consequence of this, we have the following 
Corollary 4.4. There exists a eonstant C 4 > 0 sueh that for 7 large 


= O 


= O 


5^g" 

{g'Y 

5^g" 

{g'Y 


(4.57) 


5 < Ti + (n - 1 ) log 


9 


{g') 


+ 3(n - 1 ) log(log(5r')) + (n - 1 )^ 4 . 


Proof. Let S 5 := Ti + (n — 1) log 

VfiS^) = 


9 


{g'Y 

n 


+ 3(n — 1) log(log(( 7 ')) and X{t) e . Then, 


1 


(n - 1)2 A( 55 ) 
n 


+ 0 




n 


+ (logOO) 

If S' < S's, then we can trivially take C 4 = 0. 


9 


,// \ 2 


/^^6 
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If S' > Ss, then from Lemma HTHl there exists a C 5 > 0 such that 

(log(5'))'/ 


(4.58) Vi{S) = Vi{S) - Vi{S) < C 5 

( 9 ”\ 

Since V^iS) = O ( ^ 1 ^ 0 as 7 —>■ 00 , we must have 

n X{S) 


{ 9 '? 


(4.59) 


V^{S) = 


(n-l )2 (1 + X(5))2 
Claim 4. We must have S' < Ti and hence -^(S*) > 1. 


0 as 7 —>■ 00 . 


Proof of Claim\^ Suppose S G [S' 3 ,S'o], then we must have X{So) < X{S) < X{S 3 ). From the definition 
of S'o and Lemma W? 2 \. we see that 

(n - 1) < X(5) < 6^=1 


which is a contradiction to (I4.59p . Thus S < S 3 and hence trivially S <Ti which proves the claim. □ 
Using (I4.58P along with (|4.59l) . we see that 

U 2 (S') > for 7 large. 

This implies that there is a constant C 4 > 0 such that 

S' < Ti + (n - 1 ) log + 3(?^ - 1) log log 5 ' + C4. 

□ 

The estimates so far obtained are rough estimates and we need to improve them in order to prove the 
theorem. For this, we need some explicit formulas as follows: 

Ti -t 

Lemma 4.5. Let X{t) = e "-1 , then 

/ OO 

{z'T-^z''Vfds 


n 


(n - 1 ) \in- l)g' 


n—1 


1 


(-!)'■ C, 


r/^n—1 
r 


n(n-l) ^(r + 2)(l + X(t))-+2 


/ OO 

{zTV^ds 


n 


(n + 1 ) V (ra - i)g' y (1 + X{t)Y+^ 


X{t) 


n+l 


and 


I it) = ^I,{t)+g"l,{t) 
9 


n 


(4.60) 


+ 


(n - 1 ) 5 -' 
n 


n—1 


{-lyc, 


r/^n —1 


1 1 

n^^^^{r + 2){l+Xit)y+^ 
n x{ty+^ - {1 +x{t)y+^ 


{n-l)g'J ^ [(n 2 -l) (1 + X(t))«+i 
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Proof. Since dX = - dt and Vf = —g'z”. Then from (I3.29p 

n — 1 


h = 


poo poo 

/ {zr-"z"Vfds = -9' {zr-Hz"fds 
Jt Jt 

X{s)'^ 



{n - ly \{n - l)g'J (l + X(s))«+2 


ds 


9' 


n 



^(t) X'^~^ 


rdX 


{n - 1) \{n - l)g'J Jq (1 + X)^+2 

.n-l ,Xit) 


9 


n 


(n - 1) \in- l)g- 


n 


\nii-L 

' r=0 

^ n—1 

;Vtt + E 


(1 + X)''+3 


(n - 1) V(^ - 1 ) 5 ' 

poo poo 

hit) = / izrvfds = -g' izTz"ds 

Jt Jt 


nin + l) ' ^(r + 2 )(l + X(f))-+2 


^ z'it)^+^ = ^ 


n + 1 


n 


n+l 


m 


n+l 


n + l\in-l)g') (l + X(t))’"+i 


I it) = l^hit) + g''h{t) 
9 


n 


Since — - 


1 


+ 


+ 9 " 

n 


(n - 1 ) 5 -' 
n 


+ 


n—1 

E 


(-Ij'-C, 


r r^n—1 


n(n2-l) (n-1) ^ (r + 2)(l+X(f))’^+2 


n 


m 


n+l 


n(n2 — 1) (n2 — 1) n 

Lemma 4.6. Let 


in-l)g') y (n 2 - 1 ) (1 + 
= —, the lemma follows. 


J(t) = + g'm)y'it) - + 11 ) 


Then for a < b 


(4.61) 


rb j! 


J (a) — J ( 6 ) + 


X,// xn- 2 T^/^ 


9'iyis)) 


y"{s)y'is)^-^Viis)ds 


+ 





9'{yis)) \ 9'iyis)) 


y'is)^Vlis)ds. 


(y\y^ 

Proof. Multiply the equation (14.1011 by iy'iy)y' H- -rr-^ -1) and integrate to obtain 

9iy) 


- I'iy'W + ^y'-myT-^vO'ds = ^ 


n — 1 


(^Qg{y)Pos{9' {y))-syY^^g 

b 


_^9'iy)e9(y)-^ 

n — 1 


1 


□ 


n — 


- g'iy)ea^y)-^Vids 
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and 


l\g'{y)y' + ^y'-mvr-^v;Yds = - 


(9'i;y)y' + ^y' - 

Since {n—l)g{y)y"{y'Y‘~‘^ = {{y')'^~^)'g'{y) = —g'{y)e^^^'^~^ hence cancelling this term on both sides yields 
the identity. □ 


Lemma 4.7. Let 5 > 0, 6 = 0{log{g )) and Ts = Ti — (n — 1)5. For t > max{5, T^} = ^4 and 

Ti-t 

X{t) = e "-1 , 


L{t) 


h 9 




9'''{y) (9''{y) 


(y) \9'{y) 


Wrvlds 


= 9 


n 


(4.62) 


+ 9 " 


(n - l)g' 
n 




r /^n—1 


1 1 

{n-l)^^\r + 2){l+X{t)Y+^ 


(n - l)g' 


n 


X{tY+^ - (1 + X(t))"+i f5^g‘ 


(n2-l) {l + X{t)Y+^ 


+ 0 




then J{t) = L(t). Furthermore, if t < S 3 = Si — {n — l)ki, then 


o 


// 

(4.63) {{yr-^Vi)\t) = e^y^JYz'T-^Vfyit). 

Proof. Let S '4 < t < S 3 , then Vi(t) < —C 3 and hence from (I4.18|) . we have 


-y" = 


(n - l){y’Y-‘^ 

and from (I4.53h and (|4.23p . we have 


Q9{y)-t ofof 

- _= e — _= -e z" 


o 


-{{y'T~‘^V{)' = pie-^Vi = e 


g"s^ 


P2e-\V2 + 0 


(n — l)(z'Y~^ 

6^g 


{9'f 


o 


g"s- 


= —e 


^ J {{z'Y-'^vf)'. 


which proves ()4.63p . Prom (I4.18P to (14.231) and from Lemma 14.31 we have 

o{ 


L{t) = e 


{g'Y 


n" r°° 

L / (*-')"-A"(ri 

. 9 Jt 


+ 0(^))d» 


+9 


o 


5^g" 

{ 9 ') 


/ OO 

(/)”(V" + 0 (^))d» + 0 l^+(^ 



{z'YVids 


= e 


(g'Y 


LlYt)+g"l2{t) 


+0 


( 5^9"? r 

\ w Jt 


SHY') 


2 roo 


izr-^z"ds +^ 


(YY^ 


{zTds + 



{zTVids 
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Furthermore, 


poo 

I 




f 


and 


poo 

I 


It 

"ds = O 

= O 


n — 1 


= O 


n 


(n - l)g' 


71 — 1 ' 


n 


(n - l)g' 


n 


72—1 


z'(s)ds ) = O 


n 


log(l + X(t)) =0 


(n - 1 ) 5 ' 

From Lemma lOl for t > max{5, T 5 }, we have Vi(t) = V 2 (t) + O 


(n - l)g' 
n 

(n - l)g' 

//j3 


72—1 




6 ]. 


iff 




= 0(1). Therefore 


{zTVids = O 


n 


(n - l)g' 


(l-yi(t)) =0 


n 


(n - l)g' 


Hence we get 


o 


L{t) = e y^Jl{t) + 


n 


O 


( sHff'T I sHg'T 


{n-l)g'J V iff'y iffT 

Now (I4.5ip follows from (I4.60p and this completes the proof of the lemma. 
We now introduce an assumption on S: 

Assumption 4.8. Let 


□ 


(4.64) 


Se = Se{j) Ti - i^\ + l)(n - 1) log(5r'), 
q -1 


and now assume that there exists a sequence 7 / ^ 00 such that S = 8 (^ 1 ) satisfies 

(4.65) SM < Sill) = S. 

For the next part, we assume that S satisfies Assumption 14.81 and derive the asymptotics as 7 ; ^ 00 . 
By a slight abnse of notation, for the snbsequent sections, we denote 7 ; by 7 , Sq{ii) to be Sq and 5 ( 7 ;) 
by 5. We suppress writing the subsequence I and mean 7 is large to denote 7 ; is large. Then we have the 
following crucial result. 


Lemma 4.9. Assume that S satisfies Assumption \4.8l then for 1 large, we have 
(4.66) 5 = Ti + (n - 1) log 

and 




iff') 


iff'Y 


(4.67) 


H2'(5) = 


n g 

n-l {g')‘^ 


1 + 0 


5*g" 

iff') 


Proof. As before, we let X{t) := e "-1 . Then from (I4.57p . we trivially have 


We have 


A(5)> 


(/)-V 2 ' = 


=-C4(g+2 


(log(ff'))^5‘ 


as 7 ^ 00 . 


n 


n 


{n — 1)'^ \{n — l)g'J (1 + X(t))"’ 


72 — 2 


Xit) 


72—1 
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/^r^-2y^/)/ ^ 


n 


n 


(n — 1)3 V “ ^)9' 


(4.68) 


n 


n 


n—2 


n—2 


nX{ty 




(i + x(t))«+i {i + x{t)y 


1 


+ 0 


1 


{n-iy \{n-l)g'J \Xit) ' \{X{t)y 

Set a = S and 6 = oo in (|4.61l) and from (I4.62j> . (I4.6,'lj> . (|4.68l) we have for S = log(g'' 

n—2 


{{zT-^v^ns) = 


n 


n 


= e 


(n — 1)3 \{n — l)g' 

1 

I \n—2’i ri\f 


1 


o 


i 9 

T77^ 


XiS) 


+ 0 


1 


o 


{{yT-^VinS) = e 


o 


= e 


Wv J' 


/ ( 


n 


(n - l)g' 


1 


(7)^ 


+ 0 


X(5)2 


n 


L{S) 
(5' 


7^2 


and 


Hence 


X{S) 


in — l)g", 

vw + ^ 




1 


X{S) 

1 (n - 1 ) 5 " 


) + o 


1 


+ <54 


which gives after taking logarithms 

5 = Ti + (n - 1 ) log 

and 

Vi{S) = 


X{S) {g'Y 

Un-l)g" 


x{SY 

5^g" 


J! \ 2 


{s 




{9 


,l\2 


n 


X{S) 


n 


1 + 0 


+ 0 


1 


(<?') 


_// \ 2 


(9 


J\2 


(n- 1)2 ( 1 + X(S ))2 (n-l)2V^(5) X{Sy 

1 + 0 ‘ ^ 


+ 0 


x{sy 


n g 


{9 




n-1 {g'Y 

This proves the lemma. □ 

Next we study the behaviour of Vi for t E [^( 7 ), S]. 

Lemma 4.10. Let S satisfies the Assumption \4-^ then there exists a Cq > 0 such that for 7 large with 
t € [S — Cog, S), the following holds: 

(4.69) ^i(^) < 0) (I'lT'd V({t) < 0. 

Proof. Let Sq defined in (I4.64p and 

(4.70) to inf{t E [r( 7 ), 5 ]; Hi(s) < 0 for s E (t, *5’]}. 

Observe that from (|4.66D . there exists a Ci > 0 such that for 7 large T < S — Cig. 

Case i: If T > to) then there is nothing to prove. 

Case ii: Assume that T < to- Then Hi (to) = 0 and 0 < —Vi{t) < —Hi(S') for t E (to, 5"). Hence from 
(I3.13p . (I3.37p . (14.9p and (I4.10p . we have 


rSe 


Pie-^Vi 


+0 


+0 


(^ 7 (^)d* = o(| 1 /.(S)|( 9 T-'(S-«„) 

/\n—1+ 


= o 


f \VYS)\{S- to){g‘ 

V { 9 '] 


rSe 


q-l 


My{s))-s^g 


4,9 

q-l 


= O 


|^ |Hi(g)|(5-to) 


9 
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Similarly, now from (I4.18|) . we have 




O {\Vi{S)\{S - to){gT-V{Sr-" - z'{Ser-^\) 


/ |yi(g)|(g-to) 

V x{s) 

^( \ViiS)\iS-to) 

V s 

Here we have used the fact that for any a > 0 and b > 0, we have 


(l + X(5))’^-i (1 + X(56 ))’^-i 

to)g" 

V (<?') 


J\2 


^n—1 


un-l 


(1 + a) 


n—1 


(1 + ^) 


n—1 


= o 


= o 


\n—l 


(1 + a)”-i(l + 


-jn—lhn—l 


a b 


Combining all the above estimates, we get 


\Vi{S)\ = -Vi{S) + Viito) 

rSe 

= - piVie 

J tc 


'to 


'to 


(19 \ 


de 


'to 


(y'm 


n—2 


ds 


= o 


nv,{s)\{s-to) 
V 9 


This completes the proof of the lemma. 
Next we have 


□ 


Lemma 4.11. Let S satisfies the Assumption\4-8\ and Sq be as in (j4.64D . then the following holds: 


(4.71) Hi( 56) = Hi(5) (1 + (n - ifV'iS) - (n - 1)(5 - 56)H'(5)) + O , 

(4.72) VliSe) = (n - 1)H(5)H'(5) + O . 

Proof. Let t G [56,5'], then X(t) = e "-i —?> oo as 7 —>■ oo. From Lemma [4.101 V[(t) < 0 for t € [56,5], 
hence 


‘°®(^ l + x(()) 1 + X(() +®(x(i)0 

= (n - 1)2 (1 + i-(i))2 + ° (v(Jp) 

= -(n-l)n'l(t)+o(^). 


log(-(n - l)H(t)) 
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and V^{Sg) = O 

L 


1 


4g 


+1 


Therefore, from lemma [T3l 


= / (log(-(n - l)l/ 2 (s))'Vi(s)d 5 

JSa 


V 2 {s) 


= [Vi{s)\og{-{n-l)V 2 {s)]g - [ l//(s)log(-(n-l)V 2 (s))ds 

JSe 

= _(n - 1 )Vi(5)F2'(S) + O {ViiSeW^iSG)) + O (vUSg) y 2 '(s)d^ 

= -(n - 1 )Vi( 5 )F 2 '( 5 ) + o( I + O (y/( 56 )(y 2 ( 5 ) - ^ 2 ( 56 ))) . 

V(5')^+V 


Since V 2 {S) - V 2 {Sg) = 


n 


1 


1 


(4.73) 


L 


n-l\l + X{S) 1 + X(56) 

Se ^ 2 {s) 


= O 


XiS) 


hence from lemma 021 


-ds = -(n - l)Vi( 5 )y 2 '(- 5 ) + O 


' viiSG)g" {Vi{Sg)) \ 

. (s'y- 


With S = log( 5 ') for t € [Sg, S'], we have 


y'{t) = e V(»7 J z'{t), y"{t) = - 


o3{y)-t 


o 


(n - l)(y')"“^ 


— g yia') J z"{t), 


y'(f)-V(t) - = 1-e 




izT~^z" 


= O 


o 


1 A 


{g'rx{S)) 


^ [ 1 _ g-VW; I ^/(i)n-2 = O ( ^ 


and 


Hence 


V"2W + I^2"WI=0 


1 \ .-.f g" 


X{S) 


= o 




P3 = 

,//'+^n-2 J/j.\n-2\-iTli 


= - z'{t)“-^ 0 U' + (n - 2){y'(tr-V(t) - J{tWi = O ■ 


and 


y'{tr-^Jt ' V (5')^ J 


= o 


5^g" 

(gr 


From (14.231) . 


J i+\n—2 


y'{t) 


{pi - P2)ViV2e Ms 


= O 


5^g" 1 

(c/')2 
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Since V^iSe) = O 
Vi{t) = 


X{S^) 


= O 


Xg') 


4g 

9-1 


+ 1 


, we have from (j4.17D , 


V2{t) 


y'X) 

s 


Viimx) fyXS)Y~^ Vi{S)V'{S) 


V2{t) 




yXY Jt 


{pi - P2)yiV2e Ms 




y'{tY ^V2{t) 


I 


PzVids 


y2{t) 

Hence solving for H/(t) to obtain 


+ (n - l)Hi {S)y, (S) + O it) + ^ 


(4.74) 

Thus we get 


Vlit) = + (n - 1 )Fi(5)F2'(5) + O 


y2it) 


yliSe) = in-i)yYS)y^iS) + o 


5^g" 

{g'Y 


5^g'‘ 

w 


and this proves (|4.72l) . Integrating (14.7411 and using the above estimates to obtain 

^i(5)-Vi(56) = Fi(t):^dt + (n-l)Fi(5)F2'(5)(5-56) + o(^^ 

= _(„ _ \fvYS)yiis) + (n - \)yYS)yiis)is -s^xo (^0 


This proves (|4.71l) and hence the lemma. 

Lemma 4.12. Assume S satisfies (|4.65ll . Then fort G [T, ^g] 

Xg”? 


□Next, we have 


(4.75) 


yiit) = yiiSY + o 


{g'Y 


(4.76) Fi(r) = Fi( 56) + F/(56)(r - S,) + O . 

Proof. From Lemma [4. 101 Fi(t) < 0, F/(t) < 0 for t > S' — Cog. Let to as in (I4.70p and define ti < to < Sq 
by 

(4.77) ti inf{t < to; bi(s) > 0,F/(s) < 0 for s G (t,to)}, 

that is to is the first zero before S and ti is the second turning point of Fi if it exists. 


Claim 5. For t G [T, Sq], we have Fi(t) = 0(1) and F/(t) < 0. 

Proof of Claim\^ Assume that ti > T exists. Then either (i) F/(ti) = 0 or (ii) ti = T and □!(□) > 0, 
F/(t) < 0 for t G [T, Sg]. From (I4.72F we have F/(Sg) = O 


g 


and 


y({sY 


rSe 


yXSe) 

yXs) 


n—2 


ds = 0 


g'XSe-t) 


{g‘ 


i\2 


= o 


dg'y 

g'XS6-f) 


{g‘ 


J\2 


= o 


g"g 

{g'Y 


= 0 ( 1 ). 
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From (I4.1UI) and (I3.37p . we have for < a < 6 < 


^ piVhe- ^ (max{|yi(a)|, |Fi(6)|} (s')""' ^ 

= max{|Fi(a)|,|Fi( 6)|}0 f - ) = max{|Vi(a)l, |Fi( 6 )|} O 


d0 


y'io) 


n—2 


X (5')^^" / 

Hence for t £ [fi, Sq] 

L(t) = 

= 0(l) + max{|Hi(f)|,|Fi(56)|}0(—^) . 

This implies Vi{t) = 0(1). Suppose V({ti) = 0, then taking a = ti, 6 = to to obtain 

0 = VM = uao - jy ..Ue- (/■ a, = r.fe) + o ( 

which gives a contradiction if Ti(ti) > 0 and this proves the claim. 




ds 


From (|3.37p . (I3.39p . (I4.12p . (I4.72p and the above claim, we have for t G [T, So] 

n-2 1 ^56 


U(S8)+o((9'r-‘ T%»w‘»-ds) =u(S6)+o((^ 
i+o(j^); V 1 1 vo' 


,l']2 

T 


Integrating the above expression, we get 

Hi(f) = Vi(Se) + V'(S6)(f-S6) + 0 

= Vi(S6)+V[(S6)(f-S6) + 0 
= Vi(S6)+V{(S6)(f-S6) + 0 


(f-Se)(g"y 

(gT 

jg'iff'r 

(ffT 


iff 


:>\2 


This proves the lemma. 

Lemma 4.13. Assume that S satisfies Assumption\4-ff[ then for t G [r(7),r], we have 


(4.78) 


V({t) = Vi{T) + O I ^ + 


{g"f 


iff 


ig') 


□ 


□ 


(4.79) 


a" 

Hi(t( 7)) = Hi(r) + H/(r)(r(7) - r) + o ( At + 


iff 


,/\3 


iff') 
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Proof. First we show that for t G [T( 7 ),r] 

(4.80) Vi{t) = 0{l)X{t) <0- 

For this, let to and ti as in ()4.70n and in (14.771) . 

Then from ClaimEl it follows that ti < T. Then either ti > T{'y) and = 0, Fi(ti) > 0 or ti = T{'y) 

and V{{t) < 0 for all T{'y) < t < S. For t G [r( 7 ),T], y{t) < sq and hence pi{t) = ^ = O (7/(t)“^'''“). 

Therefore for t G {T{'y),T), there exists a ^ G {T{'y),t) such that y{t) = y'{f,){t — T{'y)). Hence from ()1.4p 

^ ' Hence from (ITTTI . (imi) . (IOHD . (ITOD . 


n — 1 


and (jli.dSp we have pi{t) = ^ = q 

(j4.72p and (14.751) . we have 
(4.81) 


(5') 




n—2 


Fi(t) = Vi{f)-Vl{f) 

= Vi{f)-V{{f) 

= Vi{f)-Vl{f){f-t) + 0 

+(max |Hi(s)|)o(( 5 ')"-i-“ 
sG[i,T] 

= Vi{f)-Vi{f){f -t) + o 

Therefore, we have 



piVie~ 


Iw 


de 


m 


n—2 


ds 


d0 + (max |Hi(s)|)0 (<7')"“'““ 

sE[t,T] y 


(r-r(7)) 


'^(7) 


(s —r( 7 ))"e *ds 


{g'f 

T 

(1 + s — r(7))e“^ds 

Til) 

7^ + max |Fi(s)|(ff') 
[g'r s&[t,T] 


I'^n-a-l^-Tii) 


Vi{t) = Vi{f) - V({f){f -t) + o 


\g''f 

W) 


+ 


(<?') 


max |Hi(s)| 

s&[t,f] I 


Since from Claim [5l Vi(T) = 0(1), hence 

(4.82) Vi{t) = 0{l) for all t G [r( 7 ),r]. 

Suppose = 0 and Hi(ti) > 0, then Vi(to) = 0 and 

0 = Vi{to) = Vi{h) + Vl{h){to-ti)-j\iVie-^ ^ 


de 


m 


n—2 


ds 


= Vi{ti) + o 


o-ia- 


(71-1)73' 


(<?') 


Viih) 


which is a contradiction if Fi(ti) > 0 and this proves (|4.80l) . 
From ()4.8ip and (I4.82p . the estimate 

Vi(r(7)) = Fi(f) + F/(r)(r(7) - r) + o 

follows and this proves the lemma. 


q e n ) 

+ - 


(<?' 


{g'Y 


□ 
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Lemma 4.14. Assume S satisfies (14.651) and 6 = 0{log{g')). Then 


(4.83) 

(4.84) 


Li(r(7)) = Fi(S) 
r'(7) = 


l + o(^ 


vw 


n 


(n - l) 7 ff^' 

ig'V 


+ 0 


4 „// 




+ 


5^ 


{g'Y {g') 



1 ) 7 / + o 




Proof. Denote rj = 7 /( 7 ) 


del e 




(g'Y 


Then from Lemmas 14.91 to 14.131 we have 


Di(r(7)) = yi(r) + y/(r)(r(7 )-r) + 0 (^ + 7 ?) 

= yi(S6) + VliSefif - Se) + {V({Se) + O (^))(^(7) -T) + 0 + 7 ?) 

= yi(56) + F/(56)(r(7)-56) + (^ + 7?) 

= ViiS) (1 + (77 - 1)V2'(S) + (n - l)y2'(<5)(S6 - S)) 

+{n - m{S)Vf{S){T{j) -Sg) + 0 (^( 2 ^( 7 ) - ^6) + 7 ) 

= yi(5) (1 + (n - ifVfiS) + (n - 1)D2'(5)(T(7) - 5)) + O + 7 /) . 

Now, (12.lip and (14.661) 


^ (^ — 1 ) 79 ^ / N. An — l)q'. (n — l)a„ 7 g'" , 

T(7)-5 = g-^ -^ + (n_i)iog(A- IIL) + S -+ 71 ( 7 ) 


n 


n 


g 


-g-{n- 1) log( ^^ ) -(n-l) log( ^^, ) + O 


77 


(n - l) 7 fi(' 


n 


— (77 — 1 ) log 


(77 - 1 )/ 

( 9 ')^ 


{g'Y 

+ 0 ( 1 ) 


< 59 " 


+ 


(9')^ g' 


and from (I4.67p 


(n-l)L2'(5)(r(7)-5) = 


ng" 


( 9 ') 




1 + 0 


S^g"\\ , ( 77 - 1 ) 75 ' , „y(™-l)9'\ , 

“Dw (-7-(^ - 1) ^og( /./w ) + 


( 9 ')^ 


77 


(?7 - 1)75" 77(77 - 1)5" 


9' 


(?7 - 1)75" 


+ 0 


(9')2 

<5^5" 

{g'Y 


log 


9 


( 9 ')^ 


+ 0 


{g'Y 

^Hg"? , <^'( 9 ")' 

(9')^ ( 9 ')" 


Therefore, 


77(77 — 1)5" 

( 9 ')" 


(77 - 1)79" \ 

9 ' ) 


+ 0 


5^9 

W 


5"53 

( 9 ')^ 



yi(T(7)) = Di(5) 1 + 
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This proves (|4.83l) . From (H2) of Hypothesis [H (|2.1‘2I) . (|3.48|) and (I4.80p we have 

1 \^{n-l)g' f 




y'ini)) 


(1 + 0 ^^ 


n 


{a') 

g' -{n- 1 ) 75 " + O 


n 

a' 


1 - 


a' 


+ 0 


5^g'' 

{a'Y 


This proves the lemma. 


□ 


Proof of Theorem A2.,'^ Let SQ{'y) be as in (I4.64p . Choose a 70 > 0 large such that for 7 > 70 , all the 
estimates up to Lemma [TT] hold. Let S = S{'y) be the first turning point as defined earlier. Let 

(4.85) h {7 > 70 ; S’( 7 ) < 5 ' 6 ( 7 )}, 


(4.86) L 2 = {7 > 70 ; 5’(7) > 5'6(7)}. 

Since 7 —>■ S{'y) is continuous, we have that I 2 is a closed set. Furthermore from Lemma 14.91 there exists 
a 7 i > 7 o such that if 7 > 71 , 7 € / 2 , then 

(4.87) S( 7 ) = Ti + (n - 1) log + 0(1). 

Hence if Is {7 > 7 i; ‘S'( 7 ) > <56(7)} is non empty, then is both open and closed in ( 71 , 00 ) which 
implies that I 3 = ( 71 , 00 ). Therefore we have either I 3 = ( 71 , 00 ) or I 3 = 0. 

If Is = 0, then 

h {7 > 71 ; 5 ( 7 ) < 5’6(7)} = [ 71 , 00 ). 

Claim 6 . I 4 = 0. 


Proof of Claim\^ Suppose I 4 / 0, then 14 = [ 71 , 00 ). Let 7 > 71 and Iq be as in (|4.70p . Then, for 
to <t < S,we have |Fi(t)| < |Fi(5)|. Also A(56) = e "-1 = {g')‘‘~^~^^ and hence for t € [to, <56(7)], 




+2 


z'{tr-^z''{t) = o 


Xa' 




, \ym + \v^it)\ = o 


XiSo) 


= o 


Xa' 


. 72 _ 4_1 


Therefore from (I3.12p . (|3.16l) and (I3.39p . we have the following estimates for t € [maxjto, T}, S' 6 ( 7 )]: 


:lt+\n-2 


aXt) 


i: 


piViV2e-^ds = O 


iu(s)i( 9 'r-‘^' 


e5+9'L-7)-^ds 


= O (|Hi(5)|(5')"-'[(^'(5))"-' - {zXt)r-X) 
ia'r-" \ l^i(<5)| 


= O l^i(^)l 




y'fn—1 


= o 


Xa') 


q-\ 


+1 


1 


i: 


P2ViV2e-^ds 


.^(\Vi{S)\{g')^-^\ ( |Hi(5)| 
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From (13.351) . (|3.36p and (l3.37D . we have 

-(n - l){y'T~‘^y'' = -{{y'T~^)' = = O 

and hence we get 


id' 




Psit) = {{y'T-^ - {z'{t)r-^)V^ + (n - 2) 


(y/)n-2y// (/)n-2^// 


V,' = O 


From the above estimates, (I4.17P and the fact that Sq — T = 0{g), we get 

vlit)V 2 it) = ViitMit) - V^{S)V,{S) + o 

Since V 2 (t) < —C for some C > 0 independent of 7 , we thus see that 

\Vi{S)\ \ 


= o 




(4.88) = 

Now from (I4.53h . we have 


yi(t) = Fi(5) + o 


(g')^+V 

/ |yi(5)|ff(f-5) 

V {9') 


= o 


Xs 




+1 


<yi(56) + 0 


9-1 
'Wir," 


f \ViiS)\9^ 

V(5‘ 


0 7VT + 1 


Hence to < T and Vi(t) = Vi(5)(l + O 
have 


/ 1 \ _ __, __, 

Now for t G [to)T"] and from ^4.121) and p4.88p . we 


X9‘ 




vlit) = 


= o 


y'jT) 

^ l^i(5)l 


TL 2 rp 


e ^ds 




+ 


y'XY ^ 

IU(S)|(9')”-"2^/'(!,(«))e-‘d5y 


As in (I4.8ip . we therefore have 

Fi(t) = Vi{f) + \Vi{S)\0 

= Vi{S) I 1 + 0 


__ 2 _U 1 


\{9‘ 




+ |Hi(5)|e-^W(5')"-' 


1 e 

— 9 — 1 “ 




(71 — 

Since from (H2) of Hypothesis [1] which gives g -> b for some 6 G M as 7 —>■ 00 , we hence get 


n 


Hi(t) = Fi(5)(l + o(l)) < 0 . 
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Therefore to = 2 ^( 7 ) and 

r'(7) = =- ^"~^^^V i(5)(l + o( ^^~^^^V i(^ 6 )|(l + o(l)) 

y'(T( 7 )) n n 

= -(1 + »(!))■ 

n 

Integrating the above inequality from 71 to 7 and using (|2.1ip in Theorem 12.21 we obtain 

g _ (Vl — .yg' + C>(log(5')) = ^(7) > 2^(71) + 0{g{-ii)) + -(1 + 0(1)). 

\ n J n 


Therefore we get 


1 + 0 ( 1 ). 


g 


Since from (HI) of Hypothesis [H we see that 


(n- 1 ) 


1 - 


19 


l-q + O 


PI ^ P 


> 0 ( 1 ) 


= (n - 1 ) 

which implies that (; < 1 as 7 —>■ 00 which is a contradiction. This proves the claim. 
Therefore I 3 = [ 71 , 00 ) and for 'j & I 3 and from (j4.84li the theorem follows. 


□ 

□ 
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